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Answer all questions Time allowed: Two hours
QL. (a) i Define what is meant by an inductive set in R. [10 Marks]
ii. Prove that the set N is the smallest inductive set in R. [15 Marks]

(b) i Define the terms ‘Supremum’ and ‘[nﬁmqm’ of a non-empty subset of R.
j [10 Marks|
ii. Prove that a lower bound [ of a non-empty bounded below subset S of R is
the infimum of § if and only if for every ¢ > 0, there exists z € S such that

z<l+e (25 Marks]

(c) Suppose that A and B are nonempty bounded above subsets of R. Define

. sy
A+B={a+b/ac A be B}. -
1. Prove that A + B is bounded above. )
ii. Prove that sup(A + B) < sup(A) -~sup(B). [40 Marks|

2. (a) State what it means by a sequence of real numbers () converges to a limit a.
[10 Marks]

Use the definition of convergence of sequence of real numbers to show that

m2n2+3n—5 2
im —— = -,
n—oo 5n2 +2n4+1 5

[20 Marks]

(b) Suppose that (z,,) is a sequence of real numbers and that a,b € R with a £ 0. If

(%) converges to z, show that (laz, + b|) converges to |az -+ b. 120 Marks]
(c) State the Monotone Convergent Theorerm. [10 Marks|
1
bet 1 =1 and 2,4, = Z(Z:cn +3) for n € N. Prove that

1. (@) is & monotonically strictly increasing sequence.

ii. z, <2 for all n € N.

. lim (2,) = —2— [40 Marks]

n—od



Q3. (a)

(b)

Define the following terms:
i. a subsequence of a sequence;
ii. Cauchy sequence. [20 Marks]

State the Bolzano-Weierstrass Theorem and use it to prove that the sequence
(n? + 20n + 35) sinn?

n24+n+1

. has a convergent subsequence.
[25 Marks]

(z,,), where z, =

Let (asn)‘be a Cauchy sequence. Use the definition to prove that the sequence
(22, + 5) is also a Cauchy sequence. [25 Marks|

Prove that, if (x,) is Cauchy and has a subsequence (z,,) which is convergent,

then () is also convergent, and converges to the same limit. [30 Marks]
o [

Define what is meant by the infinite series z an, is convergent. [10 Marks|
n=1

Determine whether the series

z n+2)

n:l
converges or diverges. If it is convergent find its sum. . [20 Marks
Define the following terms: )
i. Absolute convergence; 4 ’ [10 Marks
ii. Conditional convergence. ) [10 Marks

Determine whether the following series converges absolutely, converges condition

ally or diverges. Justify your answer.

i n+1
n=1
[15 Mark
CL' 4+ 3)n )
(c) Find the values of z for the power series Z —————ﬁ— which converges.

[35 Marl



