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Answer all questions Time allowed: 3 Hours

Q1. (a) Let (22)32; be a sequence of points in C. Define what is meant by
Zn — 288N — oo0. [5 marks]
Let z € C. Prove that if |z] < 1, then
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(You may use the result that if |2 < 1, then lim 2" — 0.)
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Hence show that if la] <1, then
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[30 marks]

(b) Let f: A € € — C be differentiable at some zyp = g4 + 1% € A.
If f(2) = u(z,y) + iv(z,y), then prove that w(@,y) and v(z, y)
have partial derivatives at zo = g + iy, that satisfy the Cauchy-
Riemann equations

[40 marks]



(c) (i) Define what is meant by the function h : R* — R being
harmonic. [5 marks]

(ii) Let u(z,y) and v(z,y) be harmonic functions in a domain D.
Show that the function given by
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is analyticin D. [20 marks]

ge—tar1i Define what is meant by a path v : [o, 8] — C.

[5 marks]
(ii) For a path vy and a continuous function f : v — C, define
I, f(z)dz. ; [5 marks]

(b) (i) Let D(a;r) := {z € C: |z—a| <r} denote the open disc
with center a € C and radius r > 0 and let f be analytic on
D(a;r) and s € (0,7). Prove Cauchy’s Integral Formula, that
is for 2o € D(a;s),
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where C(a; s) denotes the circle with center a and radius s >
0. . [40 marks]

(i) Let C(0;1) be the unit diele 2 = it —q & L& m Show
that for any real constant a,

0%
/ = da= 2.
co;1) <

[20 marks]
Hence deduce that
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[30 marks]




Q3. (a) Define what is meant by the function f : C — C being entire.
[5 marks]

(b) Let A C C be an open set and let f: A — C be an analytic
function. Prove that

(i) f has a Taylor series expansion about 2y, that is, there exists
a unique sequence (a,)32, € C such that

Zanz—zo N o€ Dlayr)C A,
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and the coefficient a,, is given by
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[25 marks]
(ii) f has derivatives of all orders on A. [25 marks]
(iil) f™(z) = nlay. ' [15 marks]
(c) Using the results in (b), expand f(z) = In(1 + 2) in Taylor series
about the point z = 0. ; [30 marks]

Q4. (a) State the Mazimum-Modulus Theorm. [10 marks]

Suppose that the function J(z) = u(z,y) + iv(z,y) is analytic
cverywhere in the zy-planc and u(z,y) bounded for all (z,7) in
the zy-plane. Using the Maximum-Modulus Theorm, prove that
u(z,y) is constant throughout the plane. [20 marks|

(b) Let > 0 and let f : D*(29;0) — C, where D*(zo;6) := {230 <
|z — 20| < 6}. Define what is meant by

(i) the orderof f at z; [5 marks]

(ii) f having a pole at 2 of order m. [5 marks]

(c) (i) Statethe Residue Theorem. [10 marks]
3




(ii) If f has a pole of order m at zo, then prove that

L 3 Tt
Res([; %) = Tmal)l lim 1 (2),

where h(z) = (z— 2ol E ) [30 marks]
Using (i) and (ii), evaluate
il Ctz

e T TR dz

27”1 C(O', 3) Z2(Z + 2Z + 2)
where t is a real parameter. [20 marks]

Q5. Let >0 and suppose that
. Im(2) = 0},

c in the upper-half planc, that is, {z

(i) f is analyti
bly for finitely many singularities, none are on the

except possi
real axis.

(i) f(z) — 0 as |2l

—» 0o with Imz > 0.
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Then prove that
= /

exists and

[ = 2mi x sum of residucs of €@ f(2) in the upper — half planc.

[60 marks]
Hence cvaluate the integral
: / % LEIRZ
= ———dx.
o2+ 2z +2
[40 marks]
Q6. (a) State the Principle of the Argument Theorem.
[10 marks]




