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1. (a) Let X be a vector space of all ordered pairs z :.(Cl ,G2) of real numbers. Show that

Izl = 16 + Il
defines a norm on X. .
(b) If (X1, |I-|l,) and (X3, ||-||,) are normed spaces, show that wi 1 the usual operations
the product vector space X = X; x X3 is a normed space wigh the norm defined by
y el = max(|lzl,, 2zll,)
where z = (21, 23) € X.
(c) If d is a metric induced by a norm on a normed linear space X, then prove that
i. d(z+a,y+a)=d(z,vy)
ii. dlaz, ay) = |a| d(z,y)

for all z,v,a € X and any scalar a.

2. (a) Define a Cauchy sequence in a normed linear space.

(b) Prove that on a finite dimensional normed linear space, any norm || is equivalent
to any other norm ||-||,.

(c) If ||| and ||-||, are equivalent norms on a normed linear space X, then show that {Z5)
is a Cauchy sequence in (X, ||-||) if and only if (z,,) is a Cauchy sequence X o)



3. (a) Let X and Y be normed linear spaces and let T : D(T) — Y be a linear operato
from the domain D(T) € X of T to Y. It the range of T, R(T) C Y, then prov
that the inverse operator T~ : R(T) — D(T') exists if and only if Tz = 0 implig
that z = 0.

(b) Prove that if T~ exists, then it is a linear operator.

(c) Let T be a bounded linear operator from a normed linear space X onto a norme
linear space Y. If there is a positive number b such that

{

[Tzl = bllzll Ve X,

then show that 771 : Y — X exists and bounded.

4. (a) Define the sublinear functional on a vector space.
. Show that a sublinear functional p satisfies p(0) = 0 and p(—z) = —p(z).
 Show that a norm on a vector space X is a sublinear functional on X.
(b) Let X and Y be normed linear spaces and let S, T € B(X,Y), the space of bound

linear operators from X to Y, with ||Sz|| < ki||z]| and || Tz|| < ko||z|| for all z €1

Prove the following: =
\](S+T)m|]<(k1+kz)\|leor all z € X, : ;
i [J(AS)z|| < [Alkal]z|| for all z '€ X and for any SCdlar A,

iii. B(X,Y) is a vector space with respect to the oper ationy defined by

(T+S)(z) =Tz + Sz foralzeX,

3
(aT)(z) = Tz forallz € X and for any scalar @.
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