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1. (a) Let X be a vector space of all orderecl pairs " 
: ((, ,k) otreal numbers. Show that

llrll : l('l + l(rl ',
defines a norm on X.

(b) If (Xt,ll'llr) and (Xr,ll'llr) are normecl spaces, show that wi$ the usual operations
the product vector space X : Xt x X2, is a normeci space wlpf the norm defineci by

llrll : max(llzlll,,llrrllr) r

where *: (rt,r2) e X.
(c) If d is a metric induced by a norm on a norrnecl iinear space X, then prove that

i. d(r * a,A * a) : d(r,A)
ii. d(ar,ay) : lal d(r,y)

for all T,A,a € X and any scalar a.

(a) Define a Cauchy sequence in a normecl linear space.

(b) Prove that on a finite dimensional normed linear space, any norm ll.ll is equivalent
to any other norm ll.llo.

(c) If ll'll and ll llo are equivalent norms on a normed linear space X, then show that (r,.)
is a cauchy sequence in (x, ll ll) if and oniy if (r,,) is a cauchy sequence (x, ll lln)
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3. (u)

that the inverse op.riulor. f-1 : R(T) ---, D(T) exists if and only if Tr :0 itnp

that z : 0.

Prove that if T-1 exists, then it is a linear operator'

Let T be a boundecl linear operator from a normed linear space X onto a

iinear space Y. If there is a positive number b such that

ll"rll ) bllrll Yr € x,

then show that T-1 : Y 
- 

X exists and bounded'

4. (a) Define the'subli,near functi'onol on a vector space'

i. Show that a sublinear fr-inctional p satisfies p(0) : 0 and p(_r) > _p(r)

ii. Show that a norm on a vector space X is a sublinear functional on X

(b) Let X ancl Y be normecl linear srac3s a1l1"l fl,T t 2\*{l','}-" ll,?11:l:"1
Iinear operators from X to Y, with ll5rli 5 ktllrll and.llTzll < krllrll for all r €

Let X ancl Y be normed linear spaces anci let T : D(T) -'-+ Y be a linear oper

from tlre <lomain DQ) e X of T to Y. If the range of ?, R(T) e Y, then p

(b)

(.)

Prove the following; /t

i ll(s+\rll <(k'+'kr)llrll forallr€X' : s

ii. ll(,\S)rll S lAlktllrll for all r € X and for anv scalar )'
iii. B(X, Y) is a vector space with respect to the operatiort$ defined by

(r+ s)(r) :Tr+ Sr for all n e X'
1

(oT)(r) : aTr for all r e X and for any scalar E'
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