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(a) Define what is meant by
(1) a wector space;

(i1) a subspace of a vector space.

(b) Let V = {z : z > 0,z € R}. Definc addition “@”

”

“” as follows:

and scalar multiplication

for all r € R and for all 2,y € V. Prove that (V, &, ) is a vector space over

R.

(¢) Let Z* be the set of tuples of integers with addition ‘+’and multiplication *

are defined by

(I,m,n) + (Ej,m;,nl) = (Il + U m+m.n+ 'n,j),

c.(l,m,n) = ( [o] 1, [a] m, [e] n)

where [cv] is the integer part of o and I, m, n, I''m' . n €Z 4

Is (73, +,.) a vector space over the field R? Justify your answer.



2. (a) Let V be a vector space over the field F. Prove the following:

i o, v, -, 1,1.:,1 are linearly dependent vectors of V such that vy, vy, -+ s Undl
are linearly independent, then v, € ({vy, 09, -+, 05-1}).

ii. If up and wvp are linearly independent vectors of V, and u; = aug + bug and
vy = cug +duvg, where a, b, ¢, d € F, then w; and v are linearly independent

it and only if ad — be 3£ 0.

(b) State the dimension theorem for two subspaces of a finite dimensional vector
space.
Let Uy and U, be subspaces of a vector space V. If diml/, = 3, dimly =4,
dimV = 6, show that [} N Uy contains a non-zero vector.
If diml, = 2, dimU; = 4, dimV = 6, show that U, + U, = V if and only if
Uy NUy = {0}.

(c) If L is a subspace of a vector space V, prove that there exists a subspace M of

V such that V = L & M, where & denotes the direct sum.

3. (a) Define:
(i) Range space R(T);
(i) Null space N(T)
‘of a linear transformation 7' from a vector space V into another vector
space W.
Find R(T"), N(T) of the linear transformation 7' : R® — R®, defined by:

T(z,y,2) = (x+2y+3z,2 — y+ 2,2 + 5y + 5z) for all (z,y,2) R,

Verify the equation, dim V = dim(R(T")) +dim(N(T)) for the linear trans

formation 7. |

(b) Let T': R* —» R? he a linear transformation defined by ¢
T(x,y,2) = (£ +2y, s+y+2z, 2), andlet By = {(1,1,1), (1,2, 3), (2,-1,1)}
and By = {(1,1,0), (0,1,1),(1,0,1)} be bases for R*. Find




(i) The matrix representation of 7" with respect to the basis Bi;

(ii) The matrix representation of T" with respect to the basis By by using the
transition matrices.

] (a) Define the following terms:
(i) rank of a matrix;
(ii) row reduced echelon form of a matrix.

(b} Let A be an m X n matrix. Prove the following:

(i) row rank of A is equal to column rank of A;

(i) if B is a matrix obtained by performing an elementary row operation on

A, then A and B have the same rank.

(¢) Find the rank of the matrix

I 1 4 L =1 1
11 33 0 2
21 3 3 -1 3
21 11 -2 4

1 & =1 2
0 11 -5 3
2 =5 3 1
4 1 1 5

(a) With the usual notations, prove that
A-(adjA) = (adjA)- A =detA- 1.

Hence, prove that adj(adj A) = (det A)*"?A, where A is a n x n matrix.

]
E

(b) Let J be the p x n real matrix with every entry equal to 1 and let A = al,+3J,

where o, § be real numbers and I, be the identity matrix of order n.

i. Show that detA = o™ (o + ng).
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i. If & # 0 and o # —nf, prove that 4 is non-singular by finding an in
for it of the form é (Ln+~J).

‘Determine the inverse of the matrix

53333
35333
33533
3335 3
| 3333 5|

(a) State the necessary and sufficient condition for a system of linear equatio

be consistent.

(b) Find the condition which must be satisfied by w1, 4,93 and yy in order that

the system of linear equations

Ty — T+ 3xy+25 = Wi,
2y 4=y — Xy~ = b,
14220 + 223+ 425 = s,
Lo+ 234+ 0244625 =

has solutions.
Find all the solutions for y; = —3,y2 = 5,43 == 6 and 4 = —2.
(¢) State and prove Crammer’s rule for 3x 3 matrix and use it to solve the followi

system of linear equations:

1+ 21 —23 = —4

3z, + By - 1q = Loy
S

““2.‘1:] o ey 2333 = =5,




