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i) Define what is meant by the term topological space.

L Let f: X — Y be a function from a non-empty set X into a topological
space (Y, 7). Let o = {f~(G): G € 7} be the class of inverses of open
subsets of Y. Show that o is a topology on X.

ii. Let 7 be the class consisting of the set of all real numbers R, empty set
¢ and all open infinite intervals A4, = (n,00) with n € Q (the set of all

rational numbers). Show that 7 is not a topology on .

bl Suppose in part (i) of (a), if n € R, find the interior, exterior and boundary

of the closed infinite interval A = [7,00).

{6) Let (X, 7) be a topological space and A € X. Prove with the usual notations

that 4 = A° U b(A).

[a} Define what is meant by the statement that a function J from a topological
space X into a topological space Y is continuous at a point z € X.

Prove the following: Iy

L f:X =Y is continuous on X if and only if S7H@G) is open in X for each
open set (5 in Y.

li. f: X =Y is continuous if and only if f(A) C f{A) for all subsets A of
X

) 1. Let f: (X, 1) — (Y, 7*) and let S be a subbase for the topology 7* on V.



4. Prove or disprove the following statements:

Prove that f is continuous if and only if the inverse of every membe
the subbase S is an open subset of X.
ii. Let f be a function from a topological space X into the unit int-erva,l.[:
Use part (i) to show that if f~'[(a,1]] and f~'[[0,b)] are open subss

X for all 0 < a,b < 1 then f is continuous.

(a) Define what is meant by the term connected set in a topological space.

(i) Let (X,7) be a topological space. Prove that X is disconnected i@
only if there are non-empty subsets A, B of X such that X = AUB#
ANB=¢ and ANB = ¢.

(ii) Let (X,7) and (Y,7) be two topological spaces and f : X — VI
continuous function. Prove that the image of a connected subset Ad

is connected in V.

(b) Define what is meant by the term Hausdorff space.
Let 7 be a topology on a real line R generated by the open-closed inten

(a,b]. Show that (R, 7) is a Hausdorff space.

(a) continuous image of a compact set in a topological space is compact;
(b) in the usual topology on R, the set (0, 1) is compact;

1
(¢) the class of open intervals A, = { (O, —) STLE N} satisfies the finite infes
n
tion property and ﬂ A, = d;
nEM

(d) (X,7)is a compact topological space if and only if for every class {F} of I
subset of X, m F, = ¢ implies { F;} contains a finite subclass {F;,, Fl,, - K

with Fy, N Fy, N--NF, =¢.
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