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1. (a) 1i. Define the terms Supremum and Infimum of a non-empty subset of R.
ii. State the Completeness property of R.

Prove that every non-empty bounded below subset of R has infimum.

(b) i. Prove that an upper bound u of a non-empty bounded above subset S of
R is the supremum of S if and only if for every ¢ > 0, there exists an z € S
such that x > u —e.

ii. Prove that sup(—S) = inf(S) for any non-empty bounded subset S of R.

(c) Find the supremum and infimum of the set

1 i
S—{Q—W-;—I—an.m,nEN}.

2. Define what is meant by a monotone sequence.

(a) Prove that every convergent sequence is bounded.

Is the converse true?Justify your answer.
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(b) i. Prove that lim 2" =0, if |2] < 1.

n—od

il
ii. Let (z,) be a sequence such that z,, = 5 (Tn—2 + Tn-1) for n > 3.

Using mathematical induction prove that

o =] n—=2 1 n—2
irn=—£,’~l{1—(7) J—I——g{?—k(z) ]fornz&

Hence find the limit in terms of z; and x5.

(c) State Monotone convergent theorem.
1

n+1 'n.+2+.”+n+n

Prove that the sequence { } is convergent.

3. (a) Define the following terms:
i. a subsequence of a sequence,

ii. Cauchy sequence.

(b) State and prove the Bolzano-Weierstrass theorem.

(c) Prove that the sequence of real mun' - is Cauchy if and only if it is convergent.
il L,
Hence show that the sequence (2, piven by z, = 1 + 5 + 3 + 1 o s

not convergent.

4. (a) Let ACR and f: A — R be a function. Define what is meant by a limit of f
at a point xp in A is [.
Prove that lli.‘% (®+a—1) =
()seial: <L ilfi f(x) =, then show that JJ]”I_I.I; | (2= |U|-
Is the converse true?Justify your answer.
II. Let f:R — R be a function and iﬁl}l fai=1(£0).

Prove the following;:

ll II

1. there exists § > 0 such that = < |f(z)| < —— for all z satisfying
0< |:L —al <J;
1
dim —— =~ if f(x) £ 0 forall z € R.
S f( ) r{ f( ) ?é

r

5. (a) Let a € A(CR) and let f: A — R, prove that f is not continuous at a if and

only if there exist a sequence (#,) in A that converges to a but the sequence

)



[(z,) does not converges to f(a).

Hence prove that the function f : [0,1] — [0, 1] def
z  if ze QBN
fle) =

: . 1
is continuous only at © = 5

(b) Let f : [a,b] — R be a continuous function on [a,b]. Prove that it is bounded
on [a, b].

Is the converse true?Justify your answer.

(c) Discuss the continuity of the following function at & = 0.

e ey
f(j;): 1+8;
0 if =0

. (a) Suppose that [ and g are continuous on [a, b] differentiable on (a, b) and ¢'(z) #

0 for all z € (a,b). Prove that there exists ¢ € (a,b) such that

f(b) = fla) _ f'(o)
g(b) —gla) g'(c)

If f(d) = g(d) = 0 for some d € (a, b) deduce that

lim /(@) = lim f(z)

T—d g(.,’c T—d g"(m) 3

(b) Evaluate the following limits:

et +e ¥ — 2cosT

i. lim -
x—0 Tsing
sinT — zcosT
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ii. lim T
a—0  a?ging



