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1. Define the terms group and subgroup.

(2) Prove that in a finite group G, the order of each element divides the order of G.

Hence prove that z!¢l = e, V z € @, where ¢ is the identity element of G.

(b) Let H be a subgroup of a group G. Prove that H-! = H.
Is it true that, if H=' = H, then H is a subgroup of G7 Justify your answer.

(c) i Let G be a group of order 27. Prove that G contains a subgroup of order 3.

ii. Let H and K be different subgroups of G, each of order 16. Prove that
24<|HUK]| < 31.

2. Define the terms cyclic group and abelian group.

(a) Prove that
i. Every subgroup of a cyclic group is cyclic.
Is the converse true? Justify your answer.
ii. Every cyclic group is abelian.

b) If G is an infinite cyclic group generated by an element ¢ € G , then show that
group g

the powers of a are distinct.



(c) Let H be a subgroup of a group @, and let a,b € G.
Prove the following:
i. If Ha C Hb, then Ha = Hb;
ii. If HaN Hb # ¢, then Ha = Hb;
iii. Ha = Hb if and only if ab~! € H.

3. Define normal subgroup of a group,homomorphism and isomorphism.

(a) Let ¢ : G — G, be a homomorphism. If H < G, then prove that
¢(H) < Gy. Further, if H < G, and ¢ is onto, then show that P(H) 4G,
a b

g i
such that ad — be # 0 under matrix multiplication and G, be a group of all

(b) i Let Gy be a group of all real 2 X 2 matrices

non-zero real numbers under multiplication. If ¢ : G; — Gy defined by

([~

show that ¢ is a homomorphism.

il. Given that G is the group of all positive real numbers under multiplication
and G’ be the group of all real numbers under addition. Let f : G — G be
defined by
f(z) = log(z), V = € G. Show that f is an isomorphism.

4. (a) State and prove the first isomorphism theorem.
Let H and K be two normal subgroups of a group of G, such that K C H. Prove
the following:
i, &K 2 H;
i. H/K 4 G/K;
i, %% =~ G/H.
(b) What is meant by an index of a subgroup of a group G.
Let H and K be two subgréups of a finite group G and K C H. Prove that
[G: K] =[G : H|[H : K|, where [G : K] is the index of K in G.
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5.

3.

(a) Define the term P—group.

1. Prove that homomorphic image of a P—group is a p—group.

ii. Let G be a finite abelian group and p be a prime number such that pisa

(b) Let H and K be two subgroups of 3 group G. Prove that ( is the direct sum of
H and K if and only if

i. each z € G can be uniquely expressed in the form 7 = hk, where h ¢ H ke
K.

ii. hk:kﬁ,‘v’keH,kEK.

Define permutation on n symbols, cycle of order 7 and transposition ag applied

to a permutation group.

Is S, abelian for n > 27 Justify your answer.

(b) Prove that every permutation in S, can he expressed as a product of transposi-
tions. Hence show that an even permutation can be expressed as a product of

even number of transpositions.

termine whether it is odd or even.
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¢) Prove that the set of éven permutations forms normal subgroup of Sy, Hence
g

show that Su/A, is a cyclic group of order 2



