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Answer all questions
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Time: Two hours

t f be a bounded real valued function on [a,b]. Explain what is

. by the statement that “f is Riemann integrable over [a, b]”.

U(P:f)_L(P:f)<€

>rove that if f is Riemann integrable over [a,b] and there exist

€ Rsuch that m < f(z) < M Vz € [a,b] then there exists

' M]suchthatff Ydz = pu(b - a).

e f is Riemann integrable over |a,b]. Prme that |f] is

ntegrable over [a, b] and | f i [< f 1.



2. When is an integral / f(z) dz said to be an improper inte gral of th
first kind, the second kind and the third kind?

(a) If0 < f(z) < g(z ) for all [a, oo) and if f(z) and g(z) are contir

uous on [a, c0).Prove that
(i) if / 9(x)dz converges then / f(z)dz converges.
a a

(i) if f f(z)dz diverges then f g(z)dz diverges.

(b) Discuss the convergence of the improper integral / -(
.. da: R~

(c) Test the convergence of the following:

(i)/ Wos iyt
o 2432

1 s=1
o smm T
(i)

o V1i—zdz

3. Define the term “Uniform convergence” of a sequence of functions.

(a) Prove that the sequence of functions defined on E COnVerges uni
formly on E if and only if every ¢ > 0 there exists an integer |

such that |fn(z) — fin(2)| < € for all 2 € E and for all m,n > N

(b) Suppose {f,} is a sequence of real valued functions differentiabie
on [a,b] and such that {f,(xy)} converges for some points 2 &
la,]. Prove that if {f!} converges uniformly on [@,b], then {f}

converges uniformly on [a,b] to a differentiable function £, and

! e Y ! ;
filz) = lim fo(z),  Vazelad]
(c) Provide a sequence of functions {f,} converges to a function f of

an interval [0, 1] such that f!(z) and f'(z) exist and lim fol(@) "



.’/
L ] e e
a\ ! 3 .8g

4. (a) Let {fn} be a sequence of real valued functions defined on E C R. W_

Suppose that for each n € N, there is a constant M, such that

Ifn( I <M, for all € B
where ) M, converges. Prove that Y f, converges uniformly on
E.

(b) Let {fn}, {gn} be two sequences of functions defined over a non

empty set & C R. Suppose also that

|S|._|Zf,c <M forallz € E, alln €N,

ii. Z | g1 (2 (z)| converges uniformly in F.
iii. g,,, —> 0 uniformly in E.

Prove that Z fi(@)gr(z) converges uniformly in E.
k=1

e _ o __13\n
: [13) Show that 5 (=1) 5 where a > 0 converges uniformly in R.
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