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) (a) Define what is meant by

(i) a vector space;

(1) a subspace of a vector space.

Let V = {P(2) = apr® + a1+ ap - ap, a1, 00,7 € R} be a set of all poly-

nomials of degree < 2. Prove that V is a vector space over R with the

following operations:

(P +Q)(z) = P(s) + Ox);

(aP)(z) = aP(z), for all P(z), Q(z) € V and for all o,z € R.

Is it trne that the set of all polynomials of degree 2 forms a vector space?

Justify your answer.

' (b) Let W, and W5 be two subspaces of a vector space V over a field F' and
let A; and 4, be non-empty subsets of V. Prove with the usual notations
“that

G Wit W, =< W, UW, > ;

(lij 'lf( Al = Wl H-T}d < Ag = WQ T.]'IE‘,II << A]_ 9] Ag = W]_ -+ V;‘rg.



Q2. (a) Define the following:
1. A linearly independent set of vectors;
11. A basis for a vector space;

iil. Direct sum of two subspaces of a vector space.

——
o
e

Let Wy, W5 be two subspaces of a vector space V over the field F'. Prove
that V 1s the direct sum of W, and W5 if and only if each vector v € V
has unique representation % = w; + wo, for some w; € Wi and wy, € W,
Let W, and W5 be two subspaces of R? defined by

W, = {{a,bc):a=b=c, abc € R} and Wy = {(0,z,9) : 2,y € R}.
Show that R® = W, @ W,.

(c) i Show that § = {1,2, 2%} is a basis of the set of all polynomials of
degree < 2.
11. “State Stibnitz replacement theorem for a vector space .
Use this theorem to prove, for n—dimensional vector space V if

({v1,v2,-++,vn}) =V, then {vy,v5,+-+,9,} is a basis for V.

Q3. (a) Define

(1) Range space R(T');
(1) Null space N(T)
of a linear transformation T from a vector space V into another vec-
tor space W.
Find R(T), N(T) of the linear transformation T : ¥ — R?, defined
by
T(at+be+cr?) = (a—h b—c), where V = {age® + ay@ + ap © ag, a1, 05, ¢ € R}
Verify the equation dimV = dim(R(7T)) + dim(N(T)) for this linear

transformation.

(b} Let T :R3 — R? be a linear transformation defined hy

T(z,y,2) = (x+2y, 2+y+z, 2),and let By = {(1,0,0), (0,1,0), (0,0,1)}

]



he matrix representation of T with respect to the basis Bi; o

trix representation of T with respect to the basis By by usin g

following terms:

nk of a matrix;

n form of a matrix;

duced echelon form of a matrix.
m x n matrix. Prove that

- of A is equal to column rank of A;
is an m x n matrix obtained hy performing an elementary row

on A, then r(A) = r(B).

k of the matrix

Bhg b A1
fl8s 1 -9 =0 -8

| e o=
e row reduced echelon form of the matrix
5 6 &8 |
s =0 e l)
0 12 16 —2

= 0 0



(a) Define the term non-singular matrix.
Let P,Q and R be sciﬁa,re matrices of the same order, where P and R are

non-singular. Let O be the zero matrix of the same order. Prove that

E O
the inverse of the block matrix E : 18
QIR
|
p-t . O
i
--------- [}
]
_R—-1QP—1: R—«l
Hence find the inverse of the matrix
1wl o6 0
T =00
TUONSES (R
Ao AN
3 \ _
(b) If A = , then use the mathematical induction to prove
—1
14+ 2n —4n
A= Jforalln e N
i 1—2n
(c) Show that detA = (a — b)(b — c)(c — a)(a + b+ ¢) for
e
A= a boe ,wherea,b,ceﬂ&
G3 !53 f,,3



Azty+z = 1

gyt oy

n one solution.
 Crammer’s rule?

ammer’s rule to solve the follow-ing__'s._ystEm of linear equations,

2z — 523 + 225 = .7

T -|-"'2fl:_g —4p3 = 3

i
o

3z — 4wy — 625



