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Q1. (a) State the necessary and sufficient condition for the differential
equation

M(z,y)dz 4+ N(z,y)dy =0

to be exact. [10 Marks]
Hence solve the following differential equation

2 2 2 2
(Zmy et Y42 4 1) dx + (:r:2 e Y 4 22y Y — 23;) dy = (.

[20 Marks]
(b) By differentiating the equation

J(z a2y) .. F
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1 :
where C' is a constant, verify that — is an inte-

sy{ f(xy) — Fzy)}

grating factor of
yf(zy) dz + zF(zy) dy = 0.

1



|20 Marks|
Hence solve the differential equation

y(2zy + 1) dz + (1 + 2zy — 2°y*) dy = 0.

[20 Marks|

If tan z is a particular solution of the following non-linear Riccati
differential equation
dy

— =1+’
dx

then obtain the general solution of the differential equation .
[30 Marks!

d
If F'(D D whete D = — and py, & = 1y, 806
Z{;p whe 7 and py ¢ n, are

constants with pg # 0, then prove the following formulas:

1
(i) me‘” = }—?(l—a)e”, a is a constant and F'(a) # 0;
s il 1
V = &% ok e
) Foye © T+

V, where V is a function only of .

[40 Marks’

Find the general solution of the following differential equations by
using the results in (a).

(i) (D3 — BD? + 8D — 4)y = €2 + 26 4 3¢,
(i) (D® - 3D?%—6D + 8)y = ze .

(60 Marks|

If z = et, then show that

and
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where D = —. =1 mf’mmw’ /
dt

Use the above results to find the general solution of the fe lowing

differential equation

[20 Marks|

d’y ldy 12logw
de? " gdz 2%

[30 Marks]

d
(b) With D = e solve the following simultaneous differential equa-
tions -
D%z —m?y =0,
D?y+m?z =0.

[50 Marks)]

Q4. Use the method of Frobenius to find the general solution of
d’y dy
—1)° 32 —dz+1)-Z -2y =0
(z-1) g+ (e’ —de 1) — 2y =
by expanding about z = 1. [100 Marks]|

Q5. (a) Solve the following system of differential equations:
dx dy = dz
22 -20) Y —a?)  oa? =)’
dx dy dz

(ii) 2(2y" — 24) e é;[z‘l = 214) g z(zt —yt)’

30 Marks]

(b) Write down the condition of integrability of the total differential
equation

P(z,y, 2) dz + Q(z,y, 2) dy + R(z, y, 2 z)dz =0,

[5 Marks
Hence solve the following equation

yzlogzde — zzlog 2 dy + xy dz = 0.
[15 Marks|



(¢) Find the general solution of the following linear first-order partial
differential equations:
W) (y—2p+ (z~2)g=y -
(i) (2° +9* - y2)p — (2 + 42 — 22)g = 2(z - ).
[30 Marks]
(d) Apply Charpit’s method or otherwise to find the complete and

the singular solution of the following non-lincar first-orcler partial
differential cquation

25z — px?® — 2qzy + pg = 0.
0z

Here, p = g; and g = 8_?;

[20 Marks]

Q6. (a) Prove that if —7 < 2 <7 and a is not an integer, then

., 2asinagm [ 1 COS T cos 22 1
COSQAL == ———— ¢ —— -
il 26° At 1 g2 s J

[20 Marks]
Use the above result to show that

sin am —n2’
n==]

ar 531 (~1)"a?
[20 Marks]

(b) Use Fourier transform to solve Dirichlet problem, that is, U(z, )
satisfies the two-dimensional form of Laplace’s equation

*U  H*U
‘g’sc—‘z—-l-‘b‘az—zo, —‘QO<LC<OO,?}2[]:

subject to the boundary conditions

U(z,0) = f(z), ~00 <z < oo,
U(z,0) — 0 as /22 + 92 - oo.

[60 Marks]
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(c) Prove the following identities for Bessel functions:

( ) J-n( ) = (‘Uan(w): v=mn2>l,
(ii) J J (z) = ~Jyq1(z).

--l-i\" ’

[10 Marks]



