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Answer all questions

Time : Three hours

1. (a) An environmental engineer measures the amount(by weight) of a
particular pollution in air samples (of a certain volume) collected
over the smoke stack of a coal - operated power plant. Let X
. dengte the amoynt of pollutant per sample,when a certain ciean-
ing device on the stack is not operai;ixfg_,_‘_apd X3 the amount of
pollqj;éntf-pgr-aap}ple when the cleaning de:vice is operating, under
similar environmental conditions. It is observed that X is always
greater than 2.X,, and the relative frequency behavior of (X, X;)
can be modeled by
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0. ; elsewhere. . .

i. Find the value of k that makes this a probability density func-
tion.

ii. Find P(X; > 3X3).



fii. Find the margi_nal'density functions for X; and X,.
" iv. Are X1 and X; independent?
v. Fmd P(Xg < 0.4).

(b) If X i i atrn?dam vpnable w;th megn p and variance o2, then for
any poaltlve nurgbe; k prove t;hat
PR TR Rl <
[70+30]

(a) Suppose that X and Y are continuous independent random vari-

ables with the following probability functions:

o—1,—0z : | -1 —Gy”
fate) =" >0 fr(m=%——-,y>o

" where a, 8 and 0 are all greater than 0 and I' denotes the gamma
function. Define new random variables U and V as follows:
AL OIS X

X+Y’ 5
Find ‘the distributions of U and V' and show that they are inde-

pendent.

(b) A particular job consists of two consecutwe tasks. Duration times
of these tasks are mdependent and 1dent1cally distributed expo-
nentml raﬁaom vanabies ’Ihe ratio of the time spent on the first
task to total time for job is denoted by W. Using the results in
(a). Find the distribution of W.

[75-+-25]

3. (a) Suppose that the length of time ¥ that it takes a worker to com-
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plete a certain task has the probability density function

0T —(y-9)

e W9 y>4,

fly) =
0 otherwise.

where @ is a positive constant that represents the minimum time

to task completion. Let Y1,Y3, - -- , Y, denote a random sample of

completion times from this dlatnbutmn £
i. Find the density functmn for Yy = mm(Yl, R a8
ii. Find E(Y{y))-

(b) Let Y1,Y3,---,Ya be a random sample of size n from a normal

distribution with a mean of y and 8 variance of o? and we define

Gz, TheushowthatZz‘ i[y‘““]n is a x*
; g a

i=1 i=1

distribution with n degrees of freedom.

(c) Let Y have the probability density function given by

by s
friy)=1{ 2

0 ; elsewhere.
Find the density function for U = Y.

[40+30+-30)

4. (a) The variables X and Y with zero means and standard deviations
o, and o3 are normally distributed and have correlation coefficient

B Also assume that (X Y)~BVN (O 0 af,a'g, p).Show that

-y Xoo X
U = 4 — d V = — — — are 1ndependent, normal variate
GLHUNORILOST 3 O L

with variam,e 2(1+ p) and 2(1 - p) respectwely

on s e ey

If oy = o3 =1 then ahow that

o

¢ i. Regression of Y. on 0 X is linear.
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ii. X+Y and X —Y are independent.
. 2

i, g = (X2= 20XV +77)

1-p?

(b) Suppose that Xi,- -+, X,, and 3, .- -, Y}, are two independent ran-

is a chi-square random variable.

dom samples, with the X}s normally distributed with mean p; and
variance o7 and the Y!s normally distributed with mean u; and
variance o3. ‘

i. Find B(X - 7).

ii. Find V(X ~Y).

iii. Suppose 03=2, 03=2.5, and m = n. Find the sample sizes
\;i 5o tﬁa.t ()T “177)4 wi]l be withid Dnt' umt of (fr — pa) with
¥ probablhty ‘B.9b." 51
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[50-+50]

5. (a) The number of vehicles arriving at the campus junction in a period
of 5 minutes is a Poisson random variable with expected value p.
A proportion 8(0 < @ < 1) of all the vehicles which arrive at this
junction intend to turn left. Derive the prBBability distribution of
the number of vehicles which arrive at this junction intending to

turn left in a period of 5 minutes. '
(b) Let X and Y be independent discrete random variables which fol-

low Poisson distribution with expected value u and A respectively.
Find the distribution of the random variable X + 7.

(c) Electronic components of a certain type have a length of life Y,
with a probabﬂlty densxty given by

S At



1/100 et :
o (1/100) y>0

0 otherwise.
( length of life measured in hours). Suppose the two such com-

ponents operate independently and in series in a certain system (

That is, the system fails when either component fails). Find the

density function for X, the length of life of the system.
[30+30+40]

ﬁ A particular fast-food outlet is interested in the joint behavior of the
random variables Y3, deﬁned as the total time between a customer’s ar-
rival at the store and leaving the service window, and Y3, the time that
a customer waits in line before reaching the service window. Because
Y; contains the time a customer waits in line, we must have Y; > Yq,
The relative frequency distribution of observed values of Y; and Y, can
be modeled by the probabilit.f density function

e 3 0Ky <00,

f(yls yﬂ) _=
0 otherwise.

(a) Find P(Y; < 2,Y; > 1)
(b) find P(Y; > 2Y3)
(c) If 2 minutes elapse between a customer’s arrival at the store and

departure from the service window, find the probability that he

waited in line less than 1 minute to reach the window.

(d) Are Y, and Y; independent?



(e) The random variable Y1 — Y, represents the time spent at the
gervice window. Find E(Y; — Y3) and V(Yy — Ya). Is it highly
likely that a customer would spend more than 2 minutes at the

gervice window?

[5 x 20 = 100]



