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I (u) Deflle what is rneant by "a complex - valued fuuction J, defined

on a domair D(g 0), i. analytic at a point zo e ,',.

Show that if z=x*ia and a functior l("):U(r,E\+lV(r,y)
is aralytic at z. = @.,g"), then the equations

AU AV .AU dV
=_.,. =_ and __ _-.dt d9 0g At

are satisfied at every point of some neighbothood of 2,.

Give a:r exampie to show that the above condition is not suficient

lor / t-o be analyuic.

Find 7(c, y) such thal l(z) = U@,A)+iV(o, gr) is analytic, where

U(x,s) = s'(csin9 - ycos g). "

(b)

(")



2. (a) Let I be a complex - valued function defined on a domait 
'(e 

0),

and let C be a contotr.

Def,nE 
J"lk)d.2.

(b) Let M > 0 be such that ll(z)l ! M lot all z or a contour C ard

I be the length of C Show that

IItr,v,l'ut.lJ.' l-

Helce show that

l/lglr,l =nIlrogR'')J",'- - \ R )

where d is the arc of the circle lzl - 'R(> 0) in the upper half

plane from z=Rloz-^.-R

(c) Prove that if a complex - valued ftnction / is analyl'ic ald the

derivative /' is continuous at all poilts inside and on a sirnple

closed contour C, thel]

I tt'.,a., =0.

Verify the above result for J(z) = 322 -f iz - 4 o.ver the conhonr c

given by a square with vertices 1+ i and -1+ i'

[Any results used here should be clearly stated ]



; . ,-'

3. taJ Lct / bc analylic cverJwlprc w:thin a,rd oI a s.rrplc (lo!(Ll . ,n.

tour C, taken in the positive sense. If zo is any point interior to
. C, then prove that

I,r.t ,rr, t' llo,
Hence prove tlrat if / is aDalytic inside and on a circle with centre

z = o and radius ii, ihcn

It2
Ib,= ,:_," frc. Re,o)tre.

Evalrpte .l; [-2" "i",r' 2o,a pa.
zlf Jc l)

(b) Find tlie foliowing iategrals.

.le"t f, i\,- g)d' wherc C i: uL' circi'' C: tz 1

l2It. 0 -_- ,/z wherc C is {hn rir( lc C l. 2l Ir, lz - 1)lz _'2),

4. Prove or disprove each ofthe lollowiug staten]ellts.Justify yout answers.

(a) Every absolutely convergent series of compiex mubers is colver._

gent.

1)-;
(b) /(r) = - _-j has a dedva-jvp ar aaclr point in 0.

(c) Every continuous complex-valued function is diflcrentiable.

(d) /(z) :2' is rniforrrly contiluous in the open clisk zl < 1.

(e) Il a function f is entire and boudded for all values ol z ir the

complex plane, then the function / is cotxtant throughout the

plane.



s. (u)

(c) Evaluate
t z2+4

l" z\ 2z\2.*
wherJ C is the circle

senae.

Prove by coDtour integration that:

, , r@ .oso.T , 7r , ,. _qt,ta) lo G;; U,fot = 4bi(r 'aole .

161 /- 11(1'1 1)7, 
= o1,,2,Jo lx' t l)

- I- Jsin2r r ^ clr) Jo G" + rd, = -"-^ "

Let f be a complex - valued firnction alr,.d, zo € A.

Explain 'what is rneant by each of the following stateuents:

i. f has a pole of orclet m at zo;

ii, f has a zero of ordet m at zo.

Show that if / is analytic inside ald on a sirnple closcd curve d,
and / ha. a pole of or.lor m at . - o rhen fhe residue of / r.

z : o is given by,

. I d^-1linr -: lr z - o) I (z)1.z.o \m 7)t dzn-t ,

tl p(z) ald q(z) are aralytic il the neighborhood of 2,, antl q(z)

has a simple zero a( zo tlrcn llrow that LLe r""idue ul l(t) ar z- is

. p\,.1 q('z )

Arven oy .---.q'\2")

(b)

C:lz+L-i) in the positive= 1. ,nu"n
2

ifa>0anclb>0;


