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1. (a) Define the terms “complete” and “separable” as applied to a

normed linear space.
!

(b) Show that if 1 < p < oo, then the sequence space

P = {x:(:{:i): z; €@, Z|:rf|”<oo}

i=1

=

2 P
with norm given by || z ||= (Z ]zcl-|p) is complete.
iz

(c) Show that [P is separable.
(d) Is the sequence space

!00

~{e=(): @ €@, sl < o)

with norm defined by || = ||= sup |z;| separable? Justify your

answer.



2.

(a)

Let M be a proper closed subspace of a normed linear space X.
Prove that for every real number r € (0, 1), there exists z, € X

such that || z, ||=1 and || &, —m || > r for all m € M.

Prove that a normed linear space X is of finite dimension if and
only if the unit ball {z € X : || « || < 1} is compact.

i

Define the term “ bounded linear operator ” from a normed linear

space into another normed linear space.

Let T be a linear operator from a normed linear space X into a
normed linear space Y. Show that the following statements are
equivalent:

i. T is continuous at the origin;

ii. 7' is continuous on X;

iii. 7" is bounded.

Show that a linear operator T : X — Y is bounded if and only if

T maps bounded subsets of X into bounded subsets of Y.

Show that the operator T : {* — (* defined by
&I
T(z) = (m), m= 90 z = (z;)

is linear and bounded.



4. State the Hahn-Banach theorem for a normed linear space.

(a) Let M be a proper closed subspace of a normed linear space X.
Let z, € X \ M and let d = inf{|| 2 — =, ||: 2 € M}.
Show that there exists f € X™* (dual space of X) such that
fle.) =1 iy ”:% aid F—0on M
Hence show that if X s {0}, then for every o € X, there exists
g € X such that g(z) =| 2 || and || g ||= 1.

(b) Let X and Y be normed linear spaces with X # {0}. Show that
if B[X,Y] is complete, then Y must be complete.



