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Answer all questions : Time allowed: 3 Hours

(L. (a) Let A C ¢ be anopenset and let f : A — C. Define what is meant

by f being analytic at 2, € A. (20]

(k) Let A C € be an oper set and let f: A — C be differentiable at
some zp = 2o + 1y € A If f(2) = u(z,y) +iv(z,y), then prove
that

(i) u(z,y) and v(x,y) have partial derivatives at 2y = zy + iy
that satisfy the Cauchy-Riemann equations
du _Ov_ Ou  Ov
or Oy’ OBy Oz
[50]
(c) Obtain a harmovic corjugate v(x,y) of a harmonic function
u(z,y) = v* — 22y such that f(2) = u(z,y) +iv(z,y) is analytic.

[30]
Q% (a) Forapathand a continuous function f : v — C, define f'r f(2)dz.
; [20]

(b) Let v be a path and let f be a continuous function on . If M > 0
such that | f(2)| < 44 for all 2 € v, then prove that

or

-’}’

<ML,

1



Q3.

(a)

Q.

where L == lenglh(y). [50]
Hence show that,

; " ‘ o —T s
where 7 is the semi circular path given by 2z = 3e%, i 0 < —.

[30]

State the Cauchy’s Integral Formula. (30]

By using the Cauchy’s Integral Formula compute the following
integrals:

1
i) / e e — 1 1 i ...._-.-‘...r_ dz ; 20
( : Clo;1) {6‘ - l,) (Z -+ ::3)3 [ ]

(i1 ] sz 120
ii NS |
: Cl0;2) -{23 + Dz ’

where C'(a; ) denotes a positively oriented circle centre a with
radius r.

) Prove the Mean Value Property for Analytic Functions: let

[ be analytic on a disc D(a;r) = {z € C : z— al < r} and let
$ & (0,7). Then

2

1 .
f(l‘?.) = 2—?; s ]r(ﬂ 4 SCH) dt.
[30]
(i) Define what is meant by the function f : C — C being entire.
; (20]
(ii) Prove Liouville’s Theorem: if f is entire and
ax {|f(8)] : Jt] =
- T oty T
i !
then f is constant. [50]

(You may assumne any results without proof).
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() Btate the Maxiraum-Modulus Theorm,

Qb If [ has a pole of order m at 7o, then' prove that the residye of f at z
denoted by Res(f; 2) and is given by

i T :
as( £ o) mm e e T
RC‘S(J ! "0) - [m ) 1)! }Eﬁt dzm—1 [(Z Z(}) f(")J
[60]
Hence evaluate the following integral
/' dz
o Z3 (Z + /1)
taken counterclockwise around the circle
(i) 2] =2 [20]
(i) (22| = 3. 20]
Q6. (a) State the Principle of the Argument theorem. [20]
(b) Prove Rouche’

8 Theorem: let «y be a simple closed

path in an
open starset 4. Suppose that

(i) f,g are analytic in A except for finitely many poles, none
lying on .
(i) f and f -+ g bave finitely many zeros in A.

@) 19(2)| < [f(2), z€~. Then
ZP(f +g;7) = ZP(f;)

where ZP(f + g;v) and Z B(f;7) denote the number of
zeros — number of pales inside vyof f+ g and f respectively,
where each is counted as many times as its order. [40]

(¢) State the Fundamental theorem of Algebra. [20]

{d) Prove that all 5 zeros of Plz) =25 + 322 4 1 lie in lz] < 2. [20]



