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MT 406 - APPROXIMATION THEORY
ANSWER ALL QUESTIONS TIME ALLOWED: 3 HOURS
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(#) Given that a set K is convex if ,g € Kand 0 < 6§ < | implies 8f + (1 —f)g € K. Let Xbe a

“normed space and let f € X and r > 0. Show that the ball K = < {e ek ¢ f=gll =rkis

convex. [15 marks]

(i) Let X be a normed space and let K € X be convex. Show that the set of best of

approximants to f (€ X) from K is a convex set  [15 marks]

(fif) Define Uniform Convexity and Strict Convexity of a normed space and state which
implies the other.  [15 marks]

(iv) Is C[-1, 1] uniformy convex? Justify your answer. [15 marks]
(v) Prove that an (real) inner product space is uniformy convex. [20 marks]

(vi) By means of an example, show that the uniform convexity is essential for uniqueness of

best approximants [20 marks]

Q2.
(a) Let [a,b] be given and let xq,x1,...x, be distinct points in [a,b |. Let f be analytic inside and
on some simple closed contour I containing [a, b]. Let H, be the Hermite interpolation

polynomial of degree < 2n + 1, satisfying

Ha(x) = fx;); H:e(-":.f') =f(x), 0
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and let

M(x) = H(x =i ),
S=0
Then show that

2
Jx) = Hy(x) + =— o j !—r ;PVJ(_);)l} dr, xinsideT".

(Hint: f— H, has double zeros atx;, 0 </ < n) [40 marks)
(b) Define the n Bernstein polynomial B,[f]. [5 marks]
(i) Given that fj(x) = ¥ forj = 0, 1,2. Prove that

Balfj1(x) = fi(x) forj = 0,1and B, [2](x) = fa(x) + 4 (x - x2).
[30 marks]



(if) State Bohman-Korovkin theorem and use il to prove that there exists a sequence {Pp¥. of

polynomials such that limP, = f forevery f e C[0,1]. Name the result.  [25 marks]

Q3.
Let

(S () 1 r oo sin(:H- ‘3 ;

L3y = R " AL ST

: T %) n 25111(%—)
and define the Cesaro means (Fejer Operator) as
Gof = L[S+ Suf+ - Suf]
(@) Prove that
(GJ) s l_ Iﬂ [+ Siﬂ _;‘”!‘ . h

[35 marks]
(h) Show that the Fejer operators G, are monetone linear |20 marks]

(¢) Show that G, 1 = 1, (Grcos)(x) —+ cosx, and (Gnsin)(x) -» sinx as p — © and hence
show that the Fejer operators of the Fourier series of a continuous 2-periodic function

converge uniformly to the function [45 marks]

(Hint: Use the trigonometric analogue of Korovkin’s theorem that is given as follows: Let {L,}
denote a sequence of monotone linear operators on Cag. I order that L,f ~ f (uniformly) for all

f € Cay, it is necessary and sufficient that such convergence occurs for f= 1, cos, and sin.)

Q4.
(a) Define a Chebyshev system on a closed interval [a,b] and show that {e*,e®*,. B pisa

Chebyshev system, where ay,az, ...,ay are distinct real numbers. 25 marks]
(b) Chebyshev polynomial of degree 7 is defined as

Ta(x) = cos(narccosx), X € [~1,1], n=0, O -
(i) Show that T, satisfy the recurrence relation

Tulx) = xTpa1(x) Tatx), m= P
|25 marks]

(ii) Use (i) above and induction hypothesis to show that 7} is an algebraic polynomial of

degree n with leading coefficient . ] [25 marks]

(iit) Show that T, satisfies the following differetial equation



7. W | 3, Iy e !
e WM;‘:’%%&E'{; \.r\ "\'1_'.\
A, I// ' N
dy . dy . ; ) |
(J xz);’;é_ X +nty =0, where y = T;,(x). &
: Ny
[25 marks] N t

Q5.
(a) 1f g is & trigonometric polynomial of degree < 1 with only cosine terms, show that there
exists an ordinary polynomial f{x) of degree < » such that

£2(0) = cosb.
- [20 marks]

(b) Letf e C[-1, 1] and assume that for some k > b, /% e (=1, 1] and
£(6) = flcosh), 6 [0,27] . Show the following:

(1) :

Snlgl = Eulfl, n>1,
[30 marks)
(i)

- KRV iy
Edlfl = 2 I ”["U'J n+ 17

[25 marks]

(i)

&nlg] < (-32_)"'” K o (/1
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where £,[f], &,[f] denote the errors in approximation of f by an ordinary and trigonometric

polynomial of degree < »n respectively and w(f; ») denotes the modulus of continuity. |25 marks)

(You may assume that Enlf] = Eu[f - P], for any ordinary polynomial of degree < 1)

Q6.

(a) In each of the following three inequalities, give the missing functions (in n) or (in n and x)
that should appear in the [ollowing inequalities. Also name the inequalities. |30 marks]

(#) For trigenometric polynomials of degree n
2l w2e) S IR M 020)
(if) For ordinary (algebraic) polynomials P of degree n
| 1Py < 1Pl
E.f‘ii) For ordinary (algebraic) polynomials P ofdegree n, and x ¢ (-1, 1)

[P'(x)| < 1Pl 1.1}



&

Give two trigonometric polynomials of degree n for which there equality in (i) and one
algebraic polynomial of degree n for which there is equality in (ii) above. {15 marks]

(b) Let fe (arand 0 < a < 1. Prove (hat the following are equivalent:

(I) There exists A > 0 such that Efl £Ane,, 2 1

(II) There exists B > 0 such that f(x) ~—f0;)] < Blx - yl|®, forx,ye [0.2r].
[30 marks]

() Let A6) = 10), 8 € [-m,7] and extend fto R by 2z periodicity. Prove that there cxists
4 > 0 such that

&l can, nwzl
but that if ¢ > 1, there does not exist 4 > 1 such that

Ealfl 2 An®, nz L
[25 marks]

(Here &,[f] denotes the error in approximation of fby a trigonometric polynomials of degree n

and R denotes the set of real numbers)



