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()
(b)

What is meant by a vector space?

Let V' be a vector space over the field /7 and W be a non-empty subset of 1°
Prove that W is a subspace of V' if and only if az + by € W for every 2,y € W

and for every a,b € F.
Let V' x W be the Cartesian product of two vector spaces V" and . Define
addition and scalar multiplication on V" x W as follows:

(v, w1) + (va, wa) = (v + v, w1 + wy), (v, w) €V X W, i=1,2;

a(v,w) = (av,aw), o€ R, (v,w) eV x W.
Prove that, V' x W is a vector space.
Let V' be the vector space of all 2 x 2 matrices over the field R. Verify whether
the following set 19/ is a subspace of 1, where,
1. W consists of all matrices with zero determinant,

1i. W consists of all matrices A, for which A2 = A,



2. (a)

(¢)

(d)

Define the following in a vector space V.

i. Span of S, where S C V|

ii. Direct sum ol two subspaces S; and Sy in V7.
Let V' be vector space over the field F'.

i. Let uy and vy be linearly independent vectors in V7 and let w, = augy -+ by
and v, = cug + dug, where a,b,¢,d € F. Show that u, and o) are linearly
independent if and only if ad — be # 0.

ii. Show that, SU {v} is linearly independent if and only if v ¢ (S), where S

is a linearly independent subset of V' and v € V.
Let v and vy belong to the vector space 17 over the field F. Show that;

Lo ({w + v, 00}) = (v, 02},

i ({ug + v, v —wa}) = {v, ve}), if F=Q, a set of rational numbers.

Let V' be the vector space of n—square matrices over the field R. Let U and W
be the subspaces of symmetric and antisymmetric matrices, respectively. Show

that V = U @ W.

Suppose {w, vz, -+, vy} generates a vector space V. If {wy,wa, ++ ,wy,} is
linearly independent then prove that m < n and 17 is generated by a set of the
form {wy, we, -+ Wiy Vi Viyy e o0 V4, b

Use this result to prove, a linearly independent set which contains number of
elements equal to the dimension of the vector space is a basis for that vector

space.

State the dimension theorem for two subspaces of a finite dimensional vector

space V.

i. Let U, and U; be be subspaces of the vector space V. If dimlU, = 3,
dimlU, = 4, dimV" = 6, show that U, N U, contains a non-zero vector. If
dimU, = 2, diml, = 4, dimV, = 6 show that U, + U, = 17 if and only if

U[ ) L’r'z = {O}



ii. Let Uy and Uj be distinct (n—1)—dimensional subspaces of a n—dimensional
vector space V. Show that dim(U, N Uy) = n — 2. If U, U,,--+ ,U, are

(n—1)—dimensional subspaces of V, prove that dim(U,nU, - - -NU,) > n—L.
4. Define the term “non-singular matrix”.

(a) The m xm, nxn, mxn matrices P, @, A over the field I are placed together
as shown to form the (m +n) x (m + n) matrix

o _
X = , where O denotes the n x m zero matrix. Show that X is

O Q
non-singular if and only if P and @) are non-singular, in which case

_p—i _P—lAQ---I

X =
0 (=
(b) Show that a matrix over F of the form
PSR
A @ O |, where P @, R are non-singular,
BC

is itsell non-singular and express its inverse in a similar (partitioned) form.

(¢) 1. Show that the 3 x 3 matrix A over the field F' commutes with

- 05el =0
B=1| 0 0 1 | ifandonlyif A =al+bB+ cB?, where a,b,¢ € I and
00 0 |

I is t:,he identity matrix of order 3.

ii. Let A = (a;;) be a diagonal n x n matrix over I with n distinct diagonal
entries a;;. Show that the n x n matrix B over F' commutes with A if and
only if B is diagonal.

5. (a) Let T' be a linear transformation from a vector space V' into another vector

space W. Define
i. range space R(T) and
ii. null space N(T).
(b) Let V' be a vector space with finite dimension, and let T : V — U be a linear

transformation with range U’ and kernel W. Prove that dim U’+ dim W =dim V.



(¢) Let V and V' be vector spaces over the field F. Let V has basis {v1, v, 000 0 )

(b)

and let {v}, v}, -+, v/} be any vectors in V7. Then prove that there is a unique
linear transformation T : V' — V' such that
T(n) = vy, T(va) = vh,-- ,T(vy) = v . Further prove that T is injective if

and only if {v], vy, -+ v/} is lincarly independent.

Let A = (ai;) be an n x n matrix. Define adjoint of A.
Prove that 4. adjA = adjd. A = (detA).L where T is the 1 xn identity matrix.
Il 4 is a non-singular matrix, then show that

i. adj(adj A)= (detA)"—2

ii. adj(adj(adj 4))= (detA)»*—3n+3

Consider a system of linear equations with the same number of equations as

unknowns.

G11%1 -t Qialis b g, = b

G211 + @oo®a + = Gy, = by

Gl GnoTo + * 4 Gan b = by,

1. Suppose that associated homogeneous system has only the zero solution.
Show that this system has a unique solution for every choice of constants
b;.

ii. Suppose that associated homogeneous system has a non-zero solution.
Show that there are constants b; for which this system does not have a
solution. Also show that if system has a solution, then it has more than

one,

£



