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MT 201 - VECTOR SPACES AND MATRICES

Answer all questions Time allowed : Three horrrs

t. (a)

(b)

\\rhat is neant by a vcctor sparc'1

Let I/ bc a vcctor sptrcc oler lhc liclcl 1i arrcl lJ bc a norFcrlply stbset ol ll
Prove thirt I,l/ is a subspace of l./ if ald only if a:r + lru € l,l./ for cvcrv r, y € II,
Irrrl fnr' , rntv u.l f.

(c) Lbt I/ x I4r bc the Cartcsi:rl ploduct oi t,\\o vector spaces L' and ll.'. DefiIc

aclclibjol and scalar Dlnltiplic^t iolt on 1,' x Il' ils follows:

(tr1,lr1) + (u2,rlr): (u1 + u2,rr1 I urr), (r.,,, trl) € l'x l,J/, i: 1,2;

o(t.a) rn, . o.r'). ,,,-R.r,.tr1t tr'll.

Prurr Lll:lt. I ll ts J vp,,{,t sl,ir.,i.

(d) Lct l'br: Lhc vcctor spacc ol all 2 x 2 nt;llriccs ovtr tiro litltl ]R. \irily rvhcthcr

bhe lbllowing sct I,[ is a subspacc of l. nhcrc,

i. l/ consists of all rnatrices $,itlt zero detcrntina t,

ii. I4/ consists of all matriccs 74. lbr rvhich ,42 = A.



2'(a)DefinctlrofollorvirrginNvcctoIsp:r(c

i. Span of S, rvhcrr: S ! I ,

ii. Ditcct surn o[ trvo subspails 51 :urr1 5! il l .

(b) Let I/ bc vector space over thc field .F.

i- Lct ?r0 au(l ux bc lircallv ildcl)cndcnt vcctors in I'[n(l loli 1rt :.r1r0 + rr)0

|.n(1 rt = .'rl0 + 11)0. wl)crc a,b.trl e f'. Slro\\, 1.1)al rlt arrl rrr arr. lirrcarl]

in(lcpcudcnl. if turd only tf arl ltc:10.

ii. Show thaN; S U {u} is linearly indcpelidcIrt il a,ld orrly i{ r,' ( (5), whcrc S

is a linearly inrlependent srbset of y and r € l,:

(c:) Lct r1 and a2 brlong kr Lh('v<rctol sl)acc i'ovrr thc ficld a Shorl, lLal.;

i. ({r' + rr,rr}) : ({r,,r,r}).

ii. ({ur+u2,r'r ur}) = ({r1,ur}). ii F:Q,:rsctof r:rtiol;rl nurubers.

(d) Lei V be the lechor space of z squnrc matriccs ovcr the field lR. LelI/and Ll'

bc the sLll)spaccs of sylnrml,ri(: illxl alliisvnrnrctri(r llatriccs. rcsp0cliivch'. Sl)o\v

ihatl./:U$l{.'.

3. (a) Suppose {11, ur,. , u,,} gcncralcs I vecl,ot sl)itL1, l'. 11 {u1, rrrr, , rr',,,} is

linearly inclepcndcnt thcn i)tove that m :: r, lrnd I' is goncratcd by d sct of thr

fblin {2r1.,r12, .,lr,n,ui1jui,,. jox,"-,,.}.

Usc this rcsull to provc, 0 lilearly itrdcpcrrclcrrt $ot {,hich coutaius urnrlcr ol

. cie ents cquirl [o thc dimonsion of the vec[ot spaco is a basis for. that vq]tor

spIce.

(b) Statc thc rlirnension tLeorcrr lbr two subspaccs o1 a finik dinrerrsional vcclor

space l,/.

i. Lot l/1 arrcl U.2 bc bc subspacos of thc vcctot spar:r' l'. Il clil L/r = 3.

djrnU2 = .1, tlinrl_ : 6, slrorv t,hitt LII a [/2 (jolrliili]ts it lloll-zcro vcctor. If
clirrli r = 2, dir\U2 = 4, dimlj,:6 show th?rt Ur + a/,z = l-il lrrd oul),il

urnLrr:{0}.
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Lct U1 and U2 br: disiircir (n 1) clinrcnsionill subspliccs ofn rr-(litnotrslorai

vcctor space Iz. Shorv that dim(UL n Ur) = n 2. If U1,U2,... ,LI1 ara

(rr-1)-dirrrcrrsion:rlsubspa(1rs of l'. plorc thnt. djrn(UlnU2 . . .ntr) > )r-t.

n(,' the terol "Ilon sing,ular matrix".

T|c nxm, r,xirr mx?t lnal,ticcs P,Q,/ ovcr Lhc licld F arc pl:rtjcd togethol

as sholvn to forrn l,he (nr + n) x (r? + ?, nrtrtlix

/,",r\
X = | l. wlcrt t-/ (lrxolcs Lho |.xltt.z(:ro nla{trix. Show that,\ is

\oq)
non-singrrlar if ancl only il P trtt<l () aLe non siugular', in rvhjch casc

(p' trld-r \x'-l " 
I\ (-) a' /

Shorv that a matrix ovtl- I of thc fornr

/r o o\tt
| 4 Q O | . *1r' r" LQ. // cr" rr,'rr-. rgulrr.tt
\n c n )

is itsclf norr-silgular and cxprcss its ilvcrsc irr l simi)a,r (lrartitiouocl) forrn.

i. Shorv th:rt the 3 x 3 rnatrix ,4 ovcr thc ficld F cotrmrrtes rviLh

' /i, r o\tt.B:10 0 1 Iilrr',lonLyil/: o.I + bB + cR2 , whcrc a, ir, c € F ancltt
\o o o/

1 is the identity nrotrix of oldcr 3.

ii. Lct ,4: (o;;) bc:r rlia.goual n x l oratrix ovcl F rvitl rr ilistixct cliirgollitl

cltrics o,i. Show that thc n x D maLtix B ovcr F cornmulcs with ,4 if axd

only if B is riiagorral.

Lct T be a lint:ar tralslirrnraliol frotrr a vcclor spacc l/ il)l,o arrotllor rcctor.

spacc L,l/. Delinc

i. rangc space ,t(?) and

ii. nuil sp.rcc N(?).

Lct 1/be a vecLor spircc with finite dimension, altd let T: I/ + U bealinear

Nransformation rvith r-ange [,i' and kcrncl l,I/. irrovc thai: dinr L/,-], clim I,l/ :dini y.

4. Dell

(o)

(b)

(,J

5. (u)

(b)



(c) Let t/ and V' be vector spaces ovcr thc field F.. Lct I/ hlrs basis {1]r,1,2,... J 1r,,,}

and lel; {r,'!, ulr, . . , rf,,} bc any vcclots in I,i,. Thcn provc tllt tlr(:rc is a uui(1n
lincar transforrnatio\ T . V -+ /, such that

T(ut) - t'\,T(uz) = u2,... ,T(u^) = u;. Furthcr prove rhar ? is injective if
ancl only if {u'r,u'r,... , ul,,) is lirroiuly indqrcnricrrrh.

6. (a) Let 
',1 = (a;i) be an n x n maLrix. Definc adjoirrt of A.

Provc LltlL n. adj-,{ = ldj,4. ,4 = (<1,t.\).1, rvlcrr, l is l.lrc rrxl i(lolrLitrv rlltrix.
If ,4 is a non-singular matrix, thcn show that

i. adi(odj ,4) (,lc(Al" ,

ii. adj(ad.j(adi /))= (dctA)','-3,'+3

(b) Consklcr a systeD of lircirr erluations rvilJr the same u rnllcr of cquatiurrj as

utknowns.

o.tlr! + 4n:t2 + . . , + o|rn[ = bI

A,2t:Lr + O,2rI2 + + 0,2,,r,, = be

' a,n1rr + (rn)r, + . . . + ontx,r = bn

i. Srppose that associatcd homogeneous Irystenr has ortly thc zero solution.

Shon; ihat this systcm has a uniqte solution for evcry droice of constants

bi.

' ii. Srrppose that associated hornogcncous systcm has a on_zero sohltioil.

Show that thue are constants t, for which this systcm docs lrot hzr.vcr a

solution. Also show that if syst;cm has a solutiou, thcn it has nrorc l,lian


