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1. Let f be a bounded real valued function on [a,b]. Explain what is meant by

the statement that “f is Riemann integrable over (a, 8]”.

(a) With usual notations, prove that a bounded real valued function [ on
[a, 8] is Riemann integrable if and only if for given € > 0, there exists a

partition P of [a, b] such that
U(P,f) - L(P, f) <

(b) With usual notations, prove that a bounded function f on [a, 8] is Rie-
mann integrable if and only if for each ¢ >b0 there is e;u 6 > 0 depending
on the choice of € such that [S(P, f, () — / f(z) dz| < € for all partition
P of [a,b] with ||P|| < é and for all selection of the intermediate points

.
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2. When is an integral [ f(z) d= is said to be improper integral of the first kind,

the second kind and Ehe third kind?

What is meant by the statement « an improper integral of the first kind and

the second kind are convergent "7

b
(a) Discuss the convergence of the improper integral [ (—-—-75;.
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(b) Discuss the convergence of the following improper integrals.
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3. Define the term “ uniform convergence of a sequence of functions ”.

(a) Let (fn) be a sequence of bounded functions on A C R. Prove that the
sequence (fn) converges uniformly on A to a bounded function f if and

only if for each € > O there is a natural number N such that for all

m,n > N, then || fm — full <€

(b) Let fu bea seqﬁence of functions that are integrable on [a, b] and suppose

that ( fan) converges uni{ogmly on [a,b] to f. Prove that fis integrable
andf flz)ds = 1im/ fulz) da.
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(c) Provide a sequence oflfunctions {gn} converges to a function g on an inter
1

1
val [0, 1] such that’ / gn(z) dz and f g(z) dx exist and 1;].:'[1 [ . gn{z)
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# j: g(z) ds.



4. (a) Let {fn}, {gn} be two sequences of functions defined over a noni-empt}f

set E C R. Suppose also that

o0
1, E fx(z) converges uniformly in E;
k=1

[2.2]
ii. E lgrss(z) — gu(z)] € M forallz € B, for some M > 0;
k=1

iii. |gu(z)| < Mforallz € E.
o0

Prove that z fr(z)gx(z) converges uniformly in E.
k=1 ;
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converges uniformly on [8, 7], where §>0.

(b) Prove that E
k=1



