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(a) Define the greatest integer | x | of a real number x and show that ices
02 |2x|-2|x] < 1. (25marks)

(B)Ifp (1< p < n)andn (> 2) are relatively prime then prove that
ged(n — p,n) = 1. (20 marks)

(¢) Prove that the Linear Diaphantine Equation ax + by = ¢ has a solution if and only

ifd | cwhere  d = ged(a,b). Further show that if (xo,)0) is a solution then the set

of all solutions are given by (xg o+ —‘E}, Yo — %), t e Z [35marks]
(You may assume that if d = ged(a, b) then gcd(%, {j— = 1)

(d) Find the shortest possible distance between two lattice points on the line defined
by ax — by = ¢ [20 marks]

Q2.
(@) a =5 ... and b = £}'£3...t0 then ged(a, b) = 1§15, .1¢ and
lem(a,b) = r‘,‘" :;‘a..rfz where each ¢; and d; are the minimum and maximum of’ g;

and A; respectively. Use this result (without proof) to show that

[ ab
BB e e h)

(30 marks)
(b) If p and g are two distinct primes, then show that /pg is irrational. (20 marks)

(c) Define the Fibonacci sequence f, (10 marks) and prové that
| +J5

2 ]
(i) furtfuet —f2 = (=1)", forn > 1. (20 marks)

(i) fu > @™ forn > 2, where a =

(20 marks)

Q3.

(a) Define Euler’s ¢ function ¢(») for any nonnegative integer n and show that

"w(n) < ¢(n), where w(rn) denotes the number of primes < # that does not divide .
(20 marks)



(b) State Euler’s Theorem and use it to prove n” = n(modp) for any integer n, any
prime p. (20 marks)

(c¢) If ged(a,m) = ged(a— 1,m) = 1 then prove that
l+a+a®+ - +a® = 0(modm).
(15 marks)

(d) Show that if ged(m,n) = 1 then m*®) + ™ = (modmn). (20 marks)

(e) State Willson’s Theorem and use it to prove if p = 1(mod4) then

(25 =t
(25 marks) .

Q4.
(a) If a = b(modm, ) and a = b(modm; ) then show that a = b(modnm,), where

ged(mi,mz) = 1. (20 marks)
(b) Define a pseudoprime and show that there are infinitely many pseudoprimes to the

base 2.
(You may use the result that if d and n are natural numbers and d | » then
9-1) | 2"=1)). (30 marks)

(¢) Define Carmichael numbers and show that 2821 is a Carmichael number (20
marks)

(d) If a belongs to the exponent # modulo m and if a” = [(modm) then show that
h | r. (15 marks)

(e) If a belongs to the exponent 4 modulo m and if ged(k, h) = d then show that a*
belongs to the exponent h modulo m. (15 marks)
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