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An,wer all qu,,stiols Time ellorvcd: 3 Hours

QL (a) Lei .4 ! C be au open set and let J : '4 - C. Define \\'hat is rneart
bi',/ bcirg anaivtic at ?o € A. [20]

(b) Let tlrc fnrrction /(z) : u,(r,y) l-iu(x,a) be defined throughout
some r neighhourhood ofa point za::ta+iya. Srppose that the

firsl-orcler pr\rtiai dcrivatives ol z(e.9) aud t,(:r, y) with lespect
to .f and y exisl e'v'erywhere in that Deighbourhood and that ihey
ar.e co tinuoll'i al (ro,y0) Ptove ihat if tlrose partinl derivertives

satisfy the Cauchy-Riemann e<luatlous

at (16,96), tlierr the derivative l'(26) exists.

(c) DeLertrine rvhere /'(z) exists ard fil1d its r'alue fol

J G') - trr,tz

0u, Au du 1tt

Az dy' da 0t

[50]
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QZ. (a) (i) Deliie what is Deant bt'a path ? r {a. Bl + A
(ii) lbr a path 1 ard a continuous fulction ./ r

i10l

? * C' dellne

[10]

-1,

rthele C(o;r) denoles a posiLivel,v oriented circie \!ith centre e and
radius ?.

(State any results 1'ou use without proof).

( J 5lrl. hF Cau(hy's Intcgrai l'ormula.
By using the (Jauchy's Integral Formula col]pute

l30l

[20]
the [o]lo',ving

integrals:

r)[
J c\o,z)

rir) [J( (0 3)

lln:
:2''L*''
sitr rz2 + cos ltz2

dz.

I15l

[15]

Q3. (a) State the Mear, Value Property for Analyl,ic F'unctions. l10l
(b) (i) Define r','b.at is meanl by the furction / ; C + C being entire.

' i10l
If J is entire ancl(ii) Prove Lior.rville's Theorem:

rna.x { l(t)l : lt = r} --+ 0, as r + oc,

theD / is coDsi,ant.

(State any r:esults you u$e withoui ploof)

Ler J rz, =. ulr A) - tt \r ll la I ex'j]c | ,crjoit J:rj lhat
a(c,E) hars an upper bound for all (2, q) 1l the ,? plane. Show
that z(xr,g) is colrstant throughour the plane. i10]

i30l



(")

contained. together $'ith its inside, h,4. Let

1,/ :- sup l/(z) .

If there exists zo inside 7 such that -/(zo)l : M, then I is constant
throughout ,4. Consequently, if / is not constant in,4, then

f Q)l < M V z6 inside 7.

an open connectdd set ,4. Let 'y be a simple closed path that is

(State any theorem you use without proof)
[40]

Q4. (a) Let d > 0 and let f : D'(zn;6) - C, where

D-(zn;61 := {z :0 < z z6l < d}. De6ne what is meant by

(i) / having a singularity at z6;

(ii) the order of / at z6;

(iii) I having a pole or zero at z6 of order m;

(iv) / having a simple pole or simple zero at 26. 140]

(b) Prove that
ord(f; zx) : 6

if and only if

.f (z) : (z ze) s(z), Vz e D.(26;d),

for some d > 0, where 9 is analytic in D(26;d) and 9(26) I 0.

[60]

Q5. (a) Prove that if / has a simple pole at zo, then

Res(f;zct): Iirrn(z zo) f (za) '
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(b) Let / be analytic in {z : )n(.2) ) 0}, except possib}y for flLritely
ma.ny singularities, none on the real axis. Suppose tbeie exist
M,li > 0 and a > l such thr:t

l,f
U{rl. -." :lBv,;h tn,} .u.

'lhen prove that

converges (exists) aild

1:2ni x Sum of Residues of I ir the upper half plane.

Hence evaluate the int.r$a1

l

J- -,'',,
(You may assune without proof the Residue Theoeren-r).

Q6. (a) State the Argument Theorem. l20l
(b) Prove Rouche's Theorem: Let l be a simple closed path in arr

open siiarset ,4. Srppose that
(i) ,/,9 are aralytic in,4 exr:ept for lll tely marry poles, none

lyirrg on r.

(ii]r / and I + 9 har,.e finiteiy rnany zeros il ,4.

(iil) le(z)l < .lQ)], , €.y. rhen

z P(f + s;'i) = z P(.1 ;1)
where ZP(/ * g;t) and ZP(J;1) denote the number of
zeros - rrumbei of poles inside I of f + g and / respectivelv.
tvhere each is counted as mcny times as jts order. l40l

(c) State the trtndamental theorem of Algebra. , 
{20]

(d) Prove that the equarion 2e' Fz+3 = 0 ha! exac v one root in
th€r left half plane. 

[20]

t,: l* r@)a,

[50]

i20l


