EASTERN UNIVERSITY, SRI LANKA
THIRD EXAMINATION IN SCIENCE - 2003/2004
SECOND SEMESTER: (Apr.’2006)

MT 303 - FUNCTIONAL ANALYSIS
REPEAT
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1. Define the term “ Banach space 7.
(a) Show that the sequence space
= d = (a;) o €€, supa;] <06}
ieH
with the norm defined by ||z|| = sup |#;| is a Banach space.
ieN
(b) Show with the usual notation that (e;)2, is a Schauder basis for Cy,
where
Co = {z = (x;) : 3 € C, (x;) converges tozero } with the norm

||| = sup |z
el



2. I fau, T i) 198 linearly independent set of vectors 1 a normed linear

space X, there is a number ¢ >0 such that
|Bizs + Batiz + oo gl =2 c(|B1] + B2 + - 18n1)
for every choice of scalars Jy, 2, - #A,. Use this result to prove the [ollowing:

(a) prove (hat every finite dimensional subspace YV of X is complete and

closed,

(b) prove that any two norms on a finite dimensional linear space are

equivalent.

3. Define the term «hounded linear operator” from a normed linear space into

another noried linear space.

(a) Let Tt X = YV be a linear operator, where X and Y are normed linear

spaces. Prove that T is continuous if and only if T' is bounded.

(b) H T is a linear operator from a normed linear space X onto a normed
linear space Y, then show that the inverse operator T-': Y = X ex-
ists and is bounded linear if and only if there exists k > 0 such that

(Tl > kllal| forall x € X

4. State the THahn Banach theorem for normed linear spaces.

(a) Let X bea normed linear space and let Zo # 0 be any clement of X.
Prove that there exists a bounded linear functional f* on X such that
1] = 1 and f*(wo) = llzoll-
Further, Prove that, if f(z) = fly) for every bounded linear functional

fon X then 2 =Y.

(b) Let Y be a propet closed subspace of a norm linear space X.
Let @ € X\Y and § = T123 |y — @ol|. Show that there exists a bounded
linear function F on X such that ||[F|l =1 Ll = vy Y and
F(zp) = 9.



