FIRST SEMESTER (Dec/Jan, 2008,/2009)
MT 201 - VECTOR SPACES AND MATRICES
Proper and Repeat

Answer all questions Time: Three hours

QL (1) Define what is meant by
- (i) a vector space;
(i) & subspace of a vector space.

(b) Let V be a vector space over a field IF. Prove that a non-empty subset W of V
is a subspace of V if and only if oz + By € W, for any z,y € V and a,b € F.

‘' n
(L) Let V = Za,-x " a; € R,m e N be the set of polynomials in one variable
=}
with real coefficients. The vector addition and scalar multiplication are defined

(iaixi) o (i:bj)(j) zZ(ar+?J,)X”

=) 3=0

as follows

where @, = 0, if r > m, and b, = 0,if r > n.

b (Z a.,—X") == Zrm,rXi, YaekR,

i i

Prove that V is a vector space over the field R.



Q2. (a) Define the following
i. A linearly independent set of vectors;

ii. A basis for a vector space;

iti. Dimension c)f. a vector space.

(b) Let V be an n-dimensional vector space.

Show that
i. A linearly independent, set of vectors of V with 7 elements is a basis for
Vs

ii. Any linearly independent set of vectors of V may be extended to a basiy
for V;

ii. If £ is a subspace of V, then there exists a subspace M of V such that
V=LeM,

(¢) i Let {u,v,w} be a linearly independent subset, of V. Prove or disprove, if
F=u+2vtw, y=2u+v+wand z =u+u+ w then the set {x,y, z}
is linearly dependent.

i Let S = {2,2,2—2? z+4°} be a subset of Py, where P, = Za,,:r toa €l
be the set of all polynomials of degree < 2 with real wefﬁ( 1ent‘; Find the
dimension of span of S.

Q3. (a) Define

(i) Range space R(T);

(if) Null space N(T)
of a linear transformation T from a vector space V into another vector |
space W. |
Find R(T), N(T) of the linear transformation T : R4 — Py, defined by

Ty, 9, %3,74) = 7, + (72 + Ta)w + (24 — 74)22,
Verify the equation dim v = dim(R(T)) +dim(N{T)) for this linear trans
formation. Where Py = { E ax’ ;e € R} be the set of polynomials of
=0}

degree < 2.




3 j
(b) Let T : R® — Py, where Py = Z ax' : a; € RY be the set of polynomials
i=0

of degree < 3, be a linear transformation defined by

T(a,B,7) = a+ (B+ 7z + (v - a)a® + 2.

[ Find the matrix representation of T with respect to the basis
B = {(1,1,1), (1,2,3), 2,—1, 1)} and By = {1 + 2,5 + 22,22 + 2%, 27} of

R* and Py respectively.

(¢) Let T : R* — R® be a linear transformation defined by
T(n,y,2) = (v +2, v +y+2 2) andlet By = {(1,0,0), (0,1,0), (0,0,1)}
and By = {(1,1,0), (0,1,1),(1,0,1)} be bases for R®. Find the matrix rep-

resentation of T' with respect to the basis By by using the transition matrix.
(a) Define the following terms

(i) Rank of a matrix;

(if) Echelon form of a matrix;

(iii) Row reduced echelon form of a matrix.

(b) Let A be an m. x n matrix. Prove that
(i) row rank of A is equal to column rank of A;

(it) if B is an m xn matrix obtained by performing an elementary row operation

on A, then r(A4) = r(8).

! Fmd the rank of the matrix

1 -2 5 4
1 1 3 35
14 2 4 3
2 7 -3 6 13



(d) Find the row reduced echelon form of the matrix

e L s (I 8 |

L1833 o2

213 3537513

2 1:.11.-2 4

Q5.

(a) Define the following terms as applied to an n x 7 matrix A — (as;).
(i) Cofactor Azj of an element, 5 |
(it) Adjoint of A,

Prove that

A (adjA) = (adjA) - A = detA - [, |
where / is the n x n, identity matrix.

(b) Find the inverse of the matrix

3 -2 1
1 3 -2
2 =1 8

(¢) Prove that if 8 is a matrix obtained from a matrix A by

(i) multiplying a row of 4 by a scalar a(# 0) then
[B| =« |A|.

» Prove the determinant of the » xn
matrix
/ c 1 "0 9 0 0 )
I e 1 '@ 0.
g 1 & 1 0 0 o
0 0 g - ey
\ 0 0 0 1




where ¢ = 2cos8, which ariges in the study of transverse vibration of strings
sinf(n + 1)8)

by Langrange’s method is -
Y Lalgrang i in é

(a) State the necessary and sufficient condition for a sjrst.em of linear equations to
be consistent. ' '
Reduce the angmented matrix of the following system of linear equations to
its row reduced echelon form and hence determine the conditions on non zero
scalars ayy, @y2, Qo1, @29, by and by such thaf, the system has
(i) a unigne solution;
(i1) no solution;

(iil) more than one solution.

1ty + aery = by
as17 + Aoely = bz.

' ) Using row rednced echelon form, check wether the following system of equations

is consistent, if so, find the solution(s).

Ty + Ty —2r3+ 2y = —4
4y —2z9 + 2y + 225 = 20
311?1 — Ty -+ 3y — 2.'134 2 18

511‘:1 b 33!2 4= 43,'3 == 33.'4 = 92,

'Sf;gte and prove Crammer’s rule for 3 x 3 matrix and use it to solve
T+ 233‘2 + Xy = 2
2311 + X — 10xy = 4
2Ty + 329 — 1y = 2



