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Ql. (a) Let. ,4 ! C be au open set ard lct / : A -' C. Defir're rvhat is rneant

by./ being analytic atr ?o € A. [20]

(b) Let ,4 g C be an open set and let / : ,4 * C be differentiable

at sr.rne:0 = xa+ iaa e A. Il f(z): u(r,g) + 'i!(r,r), then

prove that the Partial derivati\'€s of u(2, g) and tr(2, g) satisfy the

Cauchy-Riemann ecluatior'rs

0u. 0r: 0u 0t
dx Ay' 0a da

at :o : to + i ro. [50]

(c) FjDd the set of cornplex mrnbers at wLiich the function

is diffcrcntialrlc.

/ 2 ..\
f(t+iu):2"]]+;(r+jq'J

I30l



()2. (a) li) Defir(r rvhat is rrcaDt bv a path ^/' : {a. 13] *C. [10]
(ii) Fol a path l and a contiliuous functiol f l 1* C, dellrte

.[, I1.") a" [10]

(b) Let.r € C. r > 0, and n € Z. Sho\\'that

L " o-f:t.,.o.., lt .

l'here C(a; r) denotes a positively oriented circle with cetltle o ard
radirs r. I30l
(State but do not prove any rcstlts you may assurre).

(c) StaIe the Cauchy's Integral Formula. [20]
BJ usurg thc Cauchy's InteBIal Formula ronrt)ILt{t thc fo}lowillg
irTtegralsr

( | :,:--, /. r 0:
JC(u 3) -
/ sin;r:2 *.c,s n:2

".1. '. 'J -:. 
o:

r.hele C(0;3) dellotes a positively oriented circle
0 and ladius 3.

[1s]

[15]

Q3. (a) State the Mean Value Property for Analytic Functions. {10J

(b) (i) Delilc u'ha"t i-! nnrant bv the llulclion / : C + C boiug entire.

[10]
(ii) Plove Liouville's Theorem: lf / is entire and

x-.x{/r/ri :/ -r'' .n, .r /-rc.
r

thed / is co[stant.
(Statc arry lesults 1'ou usc without proof)

[30]

(c) Plove the Maximum-Modulus Theorm: Lct / be aoalytic rr1

an open co[Dectcd set ,'1. Let 1 be a sitnple closed path thal js

colrtained, togelher rvith iis inside. in .4. l,et

.t/ :: sup l/(z)1.
2e1



It thele exists.?o irmide I such that lf Qo) : l,t, ther / is constatlt
throughout ,4. Consequerrtly, if .f js not coDstant in ,4, then

f(.2) <M Vtoinsidel.

l50l
(State aDy tlleorem you tLse rvithout proof)

Qt r;' Lnr d 0 ar'o l.r 1 . D'tz6:6t- C. r"1,,-e
D'(;6;d) :: {z : 0 < lz - zn < d}. De6le what is meant by

(i) / havhg a singularity at zo;

,,, rl."rd,rol/"r .6:

(iii) / having a pole ol zero at zo of order ?n;

(iv) / havirg a simple pole or simple zero ab zo. {401

(b) Prole r lrat

ord(f: zs) : n1

ii ar.Ll o,Liv il

Jrr,-{: :6t'gLz.. . €D (-6.d7.

for some d > 0, rvl]ere g is aDalytic in D(ro d) 
"n,l 9(ro) l0[601

Q5. (a) PLove that if ,l has a simple pole at zo, then

R sr i: o1 - 1;'n 

" 
ro)'fl?oj

[30]
t') L. / "" a,,al rrc ir 1 .ltt't . 6i.,x,"pr possiblr .or firrir,11

many si gularities, Done oD the real axls. Suppose tliere exist
,4,1, -R > 0 and a > l such that

It
llt \t ' ^ 

r - ,4 rri lr /,,,t:t - 0



'lhen pro\'. that

corlverges (eaists) and

1 = 2rz x Surl ol

r,: l- re)a,

Residnes of ./ ln the uppcl l,,rlI 1'LrLr".

Q6.

rhl

Helice evAluate the intcgral

1

1 -l- r'l

(You may assume withort proof the Residue Theoerern).

Stzrtc tbe Fundamentai theorem of Algebra.

State thc Principle ofthe Argument Theorem. I20l

Pr' r" Rorrclre - Thoor.rrl L nn r -' ,ol- .1 ,. l -. lr ir. 
'r

.{. S', ,,t

/ , ar" ..r...lv-r. ir, A , x., or jr, v rr, r.1 1, ,1, . r,-r."
Iyiug on 1.

(ii) I and ,/ + 9 have finitely rrrany zcros in ,4.
/...) J \ / :. Il..rr

ZP(..f + qt^) = z P(f :t)
trhere ZP\;f + 911) e"ttd ZP(.J;1) denote the number of
zeLos - uulnber of poles inside 1 ol f + g and ./ r'espectivelv.
lvhere each is couirtcd as manl tirncs as its ordcr. [40]

[50]

[20]

[201(.)

(,r) l-.. tl.,t rl. ,,turr.Jr :' -3- r.i\a tl ,r,, r'uu r

lhe left-llelf plale. [20]


