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Q1. (a) Let,4 g C be ar open set and let J : A - C Defioe what is meant

by / bcirg analytic st zo € A. [20]

(b) Let tlre luucti.on /(z) : u(r,a) + itt(r,a) be defined throughout
softre {i neigllbourhood of a point za : xo + xUo Stppose that the

frrst-oicier partiai detrivatives of a(-r,9) and tr(r,9) with respect

to:, anr.l y exish evervwhere in tha.r neighbourhood and that they

alo coutiluour at, (c6, y6) Provc thal if thc.rse paltial derivatives

satisi], the C-lauchy-Riemann equatious

at (16.'t76). tLren the d€rivutil,e J'(za) exists

(c) Iielerrnine where /'(z) exists ard flnd its value fol

/(,): :Im:.

0u, du 0u Au

0s - du' 0u As

l50l
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QZ. (a) (l) Deline what is meant by a path '/ : [a, B] * (.
(ii) For apatL.r l and a continuous function / ; 1 -

[', l 'td'
(b) Letae C,r>0 andn€2. Show that

[ .,-"fn.{o^ 
n7-1,

J:o,,' [2o' n--L

radius r.
(State anl.results you use without proof).

(c) State the Cauchy's Integral Formula.

where C(o; r) denotes a positive)1' oriented circle witb centre a a,nd

[30]

[20]
Bv using the Cauchy's Integral Formula compute the follorving

51n ? ,

.'+ 1

sin rz2 + cos nz2

(z-I\(z-2)

i10l
C, deline

[10]

l15l

integralsi

(rI
J a\0\z)

lri) |
Jc(a3)

[15]

d,z.

Q3. (a) State the IvIean Value Property for Analytic !\rnctions. 110]

(b) (i) Define lvhat is meairt by the function / : C - C being entire.
' [10]

(ii) Prove Liouville's Theoremr lf I is entire and

max {l/(i) : lt : r} t0, as r-co,

then,/ is constant. . {30]

(State a$y results you use without proof)

Let I.z ulr t) -,11, u./ bp l eltile l tcrion Jnd rhJ[
u(r,9) has on upper bound for all (r, y) in the rg pldne. Slrow
l,baf u(,x,A) is constant lhroughout the plane. 110]



(c) Prove the Maximum-Modulus The6rm: Let / be
a.n open connected set ,,1. Let 1 be a simple closed path that is
contained, together with its inside, in,4. Let

V : suP l/1:;1.

If there exists zo inside 1 such that l"f(zo)l : ,M, then / is constant
throughout ,4. Consequently, if / is not constant in,4, then

lQ)l < M V ze inside 7.

[40]
(State any theorem you use without proof)

Q4. (a) Let d > 0 and let f : D.(zn;6) + C, where
D'(zn;6) :: {z :0 < lz - zsl < d}. Define what is meant by

(i) / having a singulaiity at zo;

(ii) the order of / at zo;

(iii) / having a pole ot zeto at z(t of order m;
(iv) / having a simple pole or simple zero at zo. 140]

(b) Prove that

if and only if

f(z) : (z - z6) s(z), Y z < D-(zo;6),

for some d > 0, where g is analytic in D(zs;6) and 9(26) 10.
160l

Q5. (a) Prove that if / has a simple pole at zo, then

ord.(f; z6) : vr1

Res(f ;4): lira (z ao)f (za).
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(b) Let / be anaiytic in {z :

many singula.rities, none
M,ll > 0 and.1 > l such

l,f
l"/ (. )l s *,

The[ prove that

t ,: l* uda,,

ol f li the ur;per ha.lf pLa"ne.

i50l

l:r#*
i20l

(You rnay assulne wiihout proof the Resid-.re TLeoerem).

Q6. (a) Stale the Argument Theorem. [20]
(b) Prove Rouche's Theoremr Let 1be a silrple closed path irr an

oper1 starset ,4. Suppose that
(i) J.9 are analytic in A exccpt for llnitely man)r poles, none

IY- g 
"11 1

(ii) I and / + g har,'e iinitely 62111' zeros in e.
(iri) le(z)l < .flz). , €1. Then

ZPIJ + st1) - zP(.f ;^i)

:'herc ZPIJ * 9;1) and ZP(f ;^t) .lenote the nun.rber of
zeros - tumber of poies inside 1 of / * 9 and / respectivelv,
where each is cornied as many times as its order. l40l

(c) State tbe trbndamertal theorem of Algebra. [20]
(,C) Prove that the equation 2e' .t z +3 = 0 hal exactiy one root"in

convergos (exists) and

1 : 2zn x Suur of Residues

Helice evaluate th€ int.jgral

Im.(.2) 7 0j, except possibiy for finitely
orr [he redl axis. Suppose there exist
tha.t

!.zl )R with Im.(z)} A.

tl.rer left-half plane. [20]


