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MT 303 - FUNCTIONAL ANALYSIS I
REPEAT

Answer all questions Time allowed: Two hours

Q1. Define the term “Banach space”.

(a) i Let0O<p<l and ||z, = (Z \mil”) . ¢ € C*. Show that ||.||p is not a

=1
norm on C", if n > 2.

ii. If 1 < p < oo, prove that ||.||, is a norm on C* and

T
Cr={zx= (i) 2 € C,lei[p < oo}
. i=1
is 2 Banach space with this norm.

(b) Let X and Y be Banach spaces. Verify whether the product space X X Y with

the norm defined by

iz, )l = sl + lyll, ¥(z,y) € X x Y

is a Banach space.



Q2. (a) If 21,2y, ..., 3, is a set of linearly independent vectors in a norm linear spaf

then there exists a number & > 0 such that

i n
I Z?’}«;fﬂi“ > kz |7
i=1 i=1
for every choice of scalars 71,7, ..., .. Use this result to prove the followin

i. Every finite dimensional subspace of X is complete;
ii. Any two norms on a finite dimensional normed linear space are
equivalent.

(b) Prove that a normed linear space X is of finite dimension if and only if the

ball {z € X : ||z|| < 1} is compact.

Q3. Define the term “bounded linear operator”.

(a) Let T: X — Y be a linear operator, where X and Y are normed linear g

Prove that T is continuous if and only if 7" is bounded.

(b) If T is a linear operator from a normed linear space X onto a normed linear
Y, then show that the inverse operator T7!:Y — X exists and is boun

and only if there exists k£ > 0 such that

|T(z)|| = k||z|| forall zeX.

(¢) Let X be the normed linear space of all bounded real valued functions on §
norm defined by
||z|| = sup{|z(¢)| : t € R}, Vz € X.
Let T : X — Y be defined by T(z(t)) = z(t — r), where r > 0 1s a constant

linear and bounded?



()4. State the Hahn Banach theorem for normed linear spaces.

(a) Let X be a normed linear space and let zo # 0 be any element of X. Prove that
there exists a bounded linear functional f* on X such that
If*ll = 1 and f*(z0) = [|lzo]l.
Further, Prove that, if f(z) = f(y) for every bounded linear functional f on X
then z = y.

(b) Let Y be a proper closed subspace of a norm linear space X.
Let zp € X\Y and 6 = in)f_ ly — zo||. Show that there exists a bounded linear
yeY

function F on X such that |[F||=1,F(y) =0 Vy € Y and F(z,) = 6.
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