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Answer all questions

Time: Three Hours

This paper consists of 6 questions in a total of 3 pages
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1. (a) Let A C R, with m*(A) < oo. Prove that the following four statements are equivalent:
A is measurable:
i, Ye > 0,4 open U 2 A with m*(U\ A) < ¢;
ii. 3 G € Gy with A C G and m*(G'\ A) = 0;
v. Ve >0 3B, a finite union of open (finite)intervals so that m*(AAB) < ¢
(b) Let A be a measurable subset of R, with m(A) > 0. Prove that
m(A 4 2) =m(A), Yz € R;
ii. there exists a non—mea%ln‘a1';1@ subset P of [0,1);

i, If A*={z—y: a,r € A}, then A* contains an interval [—a, a] for some a > 0.

2. Prove that

geif L4 0 Saidgy increasing infinite sequence of measurable sets in R, then
i 'n | q
U A ) = lmj m(Ay);
===

b) if {A,}2, is a decreasing infinite sec uence of measurable sets in B such that
T ] B

(s 9]
m(Ay) < oo for some k, then m (ﬂ Aﬂ_) = lim m(A4,);
n—o
n=|

(¢) if the condition m(4) < ~o is dropped part (b) fails to hold;
(d) Let A be a measurable subset of R with m(A) < oo, then the function
T m (;""1 @ ( =00 L]}

s continuous.
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3. Let (X, B, u) be a measure space.

()

(a}

(b)

What does it to mean to say that a function f : X — (—oc, 0¢) is B measurable?

Prove that if ¥ is a countable, non-void set of such functions [ and if
glm)y=supi{flz): f eF}

for each @ € X, then g is B measurable.

Give an example of X, B, and F to show that the assertion in part (b) can fail if
“countable” is omitted.

Let g be an integrable function over a measurable set A C R. Let {f,} be a sequence
of measurable functions such that [ f, (@) < g(x) ¥r € A and

hm fulz) = fla) a.e on A: Prove that / = lim / o

TL—*1 T—0x0
oA %

T e

T S .
Deduce that lim / L—: = if a>10;

but, the result does not hold if o = 0

Let (X,X, ) be a measure space, and the completion (X', X', u) of (X, X, p) be
defined by ¥’ = {AU B|A € £,B C C forsome C' € Z,u(C) = 0} and p'(A)=
u(A) when A"’ = AU B,

Prove that (X', ¥/, ') is complete measure space.

Let (X, B, 1) be a complete measure space. Let 1 < p < oc and £P (X, B, i) comprises

all B measurable fimctions f on X for which

/I |/1Pdu < o0, and | f1], = (/ |‘.f"|”rf;._r.) " for e LR B

P’l\':{:\-’t-‘ that i

L if f,9 € L7 (X, B, ), then f +g € £ (X, B,pa) and || + glly < |11l + gl

Lr (X, B, p) with [|.]|, is a complete normed linear space.
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. Let (X, B, ) be a measure space. Prove that

(a)

of { .}, is an increasing sequence of non-negative measwrable functions on X, with
livti o= of o hlven / fdp= lim / Jadp, but, the result does not hold for decreasing
e ;

- . ¥

v =0
sequences.

if {f.}52, is a sequence of non-negative measurable functions on X, with

lim f; = f a. e, then / fdu < lim inf | fodg, however strict inequality may not
T g \- L= ] ‘\

hold.
il f,g are two non-negative measurable functions on X, and let a,b be non-negalive

constants, then af + bg is measurable and

/ (af +bg)du = u./ Sfdu —1—3)/ gdye
Jx : X

{/ © | is a sequence of non-negative measurable functions on X, ther

/ Z fndis = L_/ St

n=1 =1 R
If

sin

)= o
ik ifm=0

o0
then L / fdp does not exist.
0
State and prove Fubini’s theorem [or [ € L{X x Y, 2y x Xy, p1 x v)(Tonelli’s theorem
may be assumed)
Prove that if f:[0,1] x [0,1] — R is defined hy
PIERE
2° =y

flod) = B EE
0, if [z, 1) = (0,0).

if (z.y) # (0,0),

then the iterated integrals are not equal. Is [ integrable?

€l e}
By considering / / e " sin zdide
Jo Jo
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: sin @
prove that lim ——dx =
0

hende < a1
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