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PART I1
MT 404 - PARTIAL DIFFERENTIAL EQUATIONS

Answer all questions Time allowed: 3 Hours

Q1. (i) State the connection between the solutions of the first- order quasi-
linear partial differential equation

du ou ;
Pla. v, u) — 4+ Qlz,y, u) =— = Rz, ¥, u ]
(z,9,u) 5 + Q= v, ) 7y (z,y,u) (1)
and the solutions of the system

dx dj 0 d_u_

ERE
Define the characteristic curves of the partial differential equation
(1).
[20 Marks)|

(i) Find the solution u = u(z,y) of the partial differential equation
du Ju
a(y — u)=— +ylu — z)= = u(x — y)
"dz "y

which passes through the curve
S s

[80 Marks]



=2, i The dehsity plw, t) satisfies the partial differential equation

0p - O :
]
ot Oz
subject to the initial condition
ik sl
ol Oy = fle)l =l O 17
0 z 2.1

Formulate the problem as a Cauchy initial value problem. Sketch

the projections of the characteristic curves on the (z,?) plane.

Determine the point in the (z,¢) plane at which the characteristic

projections first intersect. [60 Marks)]

(ii) Explain briefly how to calculate the breaking time of a wave by
formulating the problem as a Cauchy initial value problem.

[10 Marks]

Consider a model of damped nonlinear waves described by the

PDE :
dp dp
e e R0,
at O

where ¢ > 0 is a constant, subject to the initial condition at ¢ = 0:

olz,0) = flz), —oo <z < o0

Show that
1
n= E—aﬁf (.‘l‘ ik B (em’. Al 1] p)
.=
and discuss the possible breaking of the wave. [40 Marks]
Q3. Explain the significance of the Monge cone at a point on an integral
surface of the first order nonlinear partial differential equation
F(:L‘__._ Y, U, p, 'T} =0

where 7 .
( | Ju du
W=t = = = =y

Pl Jx / dy



Q4.

and find the equation of the Monge cone at the point (xq, T 8
integral surface of the partial differential equation

Ou du
E f)g

(25 Marks|

Find the two solutions of the partial differential equation
('(}u.)? X (Ej"-u)ﬁ (@
— — ] =u
Jx oy )
which satisfy the initial conditions

T e Y= 0.

e | =

Clomment briefly on the non-uniqueness of the solution to this problem.
Show also that for general initial conditions in parametric form

r=xo(7), y=1wo(7), u= (7)),

a necessary condition for a real solution of (2) to exist 1s

dup : Cr/dzon? dyo 2
= < Rt sy
( dr ) < Uo(7) K dr ) v ( dr ) }

. dxg dijo
You may assume that either T = 0 or 7 £ 1. [75 Marks|
d7 dr

State the condition for the second order partial differential equation

9%u b’?u Ou Ou
(2, — + S(z.y) —— —__ff oY AU, — —
Rlz,9) 3 75 - 5(2:9) 8:1:(")1; ) (r s A :")‘_:,r)

to be hyperbolic. [10 Marks]
Show that, if z # 0 and y # 0, the partial differential equation

o d*u L 0% 07 0%u is e 5% du
T’ —— L 9yF -— + B — + by
o= * o o‘tr)e; 4 dy? ox “ dy



is hyperbolic and that characteristic coordinates are

Sh
f=—, n=2
Y s

Show that the canonical form is

0u i 1 0u

060  noE
Obtain the general solution for B0 . [55 Marks]|
Hence obtain the particular solution w(x, y) which satisfies the bound-
ary conditions

o R ey
uly) =y, —(l,y) =1
Y =Y ijl_ ' Y)

[35 Marks]
Define the adjoint operator L* of the operator

Llu] = gy + a(z, y)u, + b(x, y)uy, + c(z, y)u.

[10 Marks]

By looking for a solution of the adjoint equation
L lo]=10
of the form
v(z,y) = (z+y) Wiz +y),

show that the Riemann function of the operator

1 1
L] = tgy + ——uy + ——u
I | wy Tty x T4y v

Ty
Tty

R(z,y;21,0) =
{50 Marks|
Hence solve the partial differential equation .

1 <1

Uy = ——

it
Upy F ——— U, = —
B 1y B Y &~y

BEN



subject to the initial conditions

U=ty =1 —g?

on the straight line y = 4. [40 Marks]
Useful formulae:

’;\E}_

}/ b i 0
e I.E_j__v e TN e e e S S R \} ok

u@ + a(z, y)u, + iz, Y)uy +c(z;y)u = Fie

Rz, yie,m) = 1,

/ey
M%m%%):ew(/dwﬂ@)
Y

R(r,ylgxbyl) = exp-(/ b(cr,yl)da).

I
u(zy, ) = SIR(A 2y ) u(A) + F{B; 21, y1)u(B)]
=//H@m%mﬂmw®@
J Jp

: 1 i[ 1 Tes,
+ / (a.'z.aﬁ’, + ;)-R-uy - §'az.H,y) dy — (b?z.]i’. - 353151. - afu..h’.x) da.

o



Q6. Define the following terms:

(a) Dirac delta function
(

b) Heaviside step function

You are given that tl

[10 Marks|
the solution of the problem

Up — Ugy ple, i)

— 00 S e T EE L 00,
Wz, 07) = 0,  ~oo< <o,

18

.f Y 2
Ul / / l‘_ A exp ( & ee) ) dr dg.
\f T Je=—oc Jr=0- ¢

Show that the solution of the problem

We—te- = 0 g 0 f €80
T =" ) =00 < < 0o,
i3

wlz,t) =

QVTT/ j{}oxp( (r_‘:) ) %

4 =

 [40 Marks]
A certain financial option V' (s, t) satisfies the partial differential equa-
tion

=SS GRRE DR Bl G s o
and the initial condition

Vs, 0F) =

where £ >

Make the change of variables

0 is a positive constant

2= f(s)



e
L'[-": fve

2r8ity,

i the partial differential equation for V. Obtain the second-order
ordinary differential equation which f{s) must satisfy for the coefficient
of V. to vanish. Obtain the general solution for f(s) and verify that

S e

is a particular solution. With this particular solution show that V (z, t)
satisfies the partial differential equation

V,+V =V,
Make the transformation
Ve, t) = g(t)W(z,1t)
in the partial differential equation for V. Obtain the first-order ordinary
differential equation which g(¢) must satisfy for the coeffient of 1 to
vanish. Obtain the general solution for g(¢) and verify that

gty =e"

is a particular solution. With this particular solution write down the
partial differential equation satisfied by W(z,t). If

Wit = Wie, 1)

where
F= g

show that W (x,t) satisfies the problem

WeaWe: = 0 =0 2x < 0= o,
Wiz, 0") = H(z—InE), —oo<z< oo,

where f is the Heaviside step function. Deduce that

Vilo. il = et /:x“ o (In(s/6))2\ do
T C At o

(50 Marks]
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