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Answer ALL Questions

L (@) IfK is a closed convex subset of R", then show that K possesses a unique point of minimum
nOIm.

(b) Show, if X is a uniformly convex Banach space and K < X 1s a closed convex set, that each
fe X has a unique best approximation p* from K_

(c) Let X be a strictly convex normed space and M X be a finite dimensional subspace. Prove
that each fe X has a unique best approximation from M. - [ 25+40+35=100]

1. (a) Let fe Cla,b] and let g, ..., g, € Clab] with £, -~ &, linearly independent. Define
X =(g1(x), ..., ga(x)), x € [a,b]. Prove that for P = % Cig; to be a best approximation, that is

Ct, €2, ..., o to be such that the residual r = f—Zcig,. has minimum norm, it is necessary

i=1

and sufficient that 0 € Co{r(x) % : x€ [a,b] and (x)] = [r[}.

(b) Let {g1, g2, .., g.} form a Chebyshev system on fab]. Leta<x, <x; <x, < ... <x,<b
and Ao, Ay, ..., A, # 0. Prove that in order that () e Cof ho Xy, L Xy, ooy Xa X, 3, it s
necessary and sufficient that 1, ., <0, ;=012 n-1. [55 +45 = 100]

IIL (@) Prove: 1nin _’:

L R B

dx = 2%/(2n).

n-1 5
X -—ch sin(4x)
k=1

{b) Define the modulus of continuity of fe C,, and. for fe Csx, prove that
GlA<G2) of =), n=123,....
(¢) Let fe Cor and 0 < a < 1. Prove that f satisfies the condition that, for some B > 0,
[fx) — fy)| < Bjx —y|*, for all x,y € [0,2x] if there exists A > 0 sach that
Ef] <AN® 0> 1, [30 + 25 + 45 = 100]

IV. () Let fe C[-1,1] and let k be a positive mmteger and let 0 < a < 1. Assume that, for some
A>0, &[f] <An™ n> 1. Show that f*) exists and is continuous in (-1,1) and, given
0 <8 <1, there exists B > 0 such that |{*(x) — {)(y)} < Bix — y|°, for all
xyel-1+8,1- 5]

(b) Let X be the space of continuous functions f: [0,1] — R with inner product

(£g) = | fx)g(x)dx. Let M be a finite dimensional subspace of X with basis

=t

ay @,

{x%,x™ L, x% ) a0, 0, > 0, distinct. Prove that the distance from x™ (m > 0)



IV. (a) Let f: U R" — R” be a C ' mapping where U is a neighborhood of the ]il'I\, segment L with end
points a and b. Prove that |f(b) ~ f{a)ls < |b —al; max ‘,lf (x)“ :
Nl )

(b) Suppose that the mapping ' R" — R"is C ' in a neighborhood W of the point a, with the matrix
{’(a) being nonsingular. Prove that f'is locally invertible — i.e., there exist neighborhoods Uc W
of aand V of b= f{a), and a one-to-one C l mapping g: ¥V — W such that g(fix))=x forxe U
and f{g(yv)) =y for'yve V;and, in particular, prove that the local inverse g is the limit of the
sequence {gk };: of successive approximations, defined inductively by
@) = a, e i(y) = 2dly) - F@) [flen(y) —y] for ye V.

(¢) Let the ¢ ' mapping f: Rf\. o R:‘l, be defined by the equations
x=uH (v 2% 4l
y=(u-1Y+v+1,
Let a=(1,-2). Is f invertible near a? If so, find a local inverse of f. [25+35+40=100]

. (a) State the General Implicit \mppmg Theorem.

Solve X'+ Yy’ +2z'-2"~-3/2=0 5
X’ + y' =3y+z +3 =0 foryandzas functions of x in a neighborhood of (-1,1,0).

(b) Prove that every admissible function is integrable.

—m

(c) Let f: R™™ =R"™ x R" — R be an integrable function such that, for each xe R"™, the function
foo R" — R defined by fi(y) = f(x,y), is mtugab]e Given the contented sets AcR™ and B R,

let : R™ — R be defined by F(x) Jf(l Y )y . Then prove that F s integrable, and

_[f: J‘Fi _[( _[,f'(-\} Vv)dv)dx .

niform density of unity.

(d) Find the mass of the ellipsoid: -
a’ b C ]
[30+20+30+20=100]

VL. (a) If fis a real-valued € " function on the open set Uc R" and y:[a,b] — Uisa ¢ ' path, prove that

J(f}‘ f(y(b))— fly(a)).

3

(b) If @ is a C ' differential k-form on an open subset of R", prove that d(da) =0

m

(c) If@: R™ — R"isa ¢ ' mapping and a is a C ' differential k-form, show that d(p*«) = ¢*(da).

(d) Let Q =[0,1] * [0,1] = R" and suppose g: Q — R’ is defined by the equations

X=U-+ty,
y=u-—v,
Z=uv.
Then compute the surface integral Jxaﬁ.l Adz+ ydx ndz = Ia in two different methods vou

@ @

are aware of, [20+ 20 + 30 +30 = 100]



