SECOND SEMESTER (Dec. '2008/Jan. '2009)

MT 301 - GROUP THEORY
__Repeathcspecio\ll

Answer all questions ; Time: Three hours

1. (a) Define the following terms
i. group;
ii: eyelic group;
iii. abelian gfoup.
Prove that every 5i1bgr011p- of a cyclic group is cyclic.

Is the converse part true? Justify your answer.

(b) State and prove Lagrange’s theorem.
il a group G, H and K are different subgroups of order p,
p is prime. Show that H N K = {e}, where e is the identity
element of G.

ii. Prove that in a finite group G, the order of each element

divides order of G. Hence prove that z/®l = e, Yz € G.

. (a) What is meant, by saying that a subgroup of a group is normal?
i, Let H and K be two normal subgroups of a group G. Prove
that H N K is a normal subgroup of G.
ii. Prove that every subgroup of an abelian group G is a normal

subgroup of G.



(h) With usual notations prove that
L N(H) <G
i, H ANH).

(¢) Let Z(G) = {z € G| zg = gz,¥ g € G}. Prove the following

L Z(Q) = ﬂC’(a), thre Cla) ={9€ G : ga=ag}

aCcd
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(a) State the first isomorphism theorem.
Let H and K be two normal subgroups of a group G such that
K C H. Prove the following
i K <H;

i, H/K QG/K;
i, AL
" G/K

(b) Write down the class equation of a finite group G.

~ G/H.

Let G be a group of order p”, where p is a prime nmnber Prove
that, Z(G) = G if n = 2.

(a) Define commutator subgroup G' of a group G.
Prove that the following '
i. G'2G;
ii. G/ .G’ is abelian.
(b) Let HAG, P ={K <G : HC K}andQ = {K' : K' <G/H}.

Prove that there exists a one to one correspondence between /2 and

Q.



5. (a) What is meant by the “infernal direct product” as applied fo a

group.
1s it true that all the groups satisfy the infernal direct product

property? Justify your'answer.
Let H dnd K be two subgroups of a gmup G, prove that G is a
direct product of H and K if and only if
i each z € G can be uniquely expressed in the form
z = hl:, where h € H,k € K.
i, hle=khforany h € H,k € £,

(b) Define the term “p—group’ .

Let G be a finite abelian group and let pbhe a p.rime nurnber which

divides the order of G. Prove that G has an element of order p.

6. (a) Define the following terms as applied to & group.

i. Permutation;
ii. Cyele of order 7;
iii. Transposition.
(b) Prove that the permutation group on 7 symbols (S,) is-a finite

group of order nl.

Ig it true that S, 18 abelian for n > 27 Justify your answer.

(¢) Prove that every permutation in S, can be expressed as a product
of transpositions.

- (d) Prove that the set of even permnutations forms a normal subgroup

oS,



