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QL (a)

Let (2,)22, be a sequence of points in C. Define what is meant by
Zy, — Z as n — 00. : [5 marks]

Let z € C. Prove that if |z| < 1, then

1
l+z4+224... = T
(You may use the result that if |z| < 1, then lim 2" = 0.)
Hence show that if |a| < 1, then i
1 —acosl

1+ acos® + a’cos20+ a’cos30+ ... = :
1—2acosf 4+ a?

[30 marks]

Let f: A C C — C be differentiable at some zp = 70 + 1790 € A.
If f(2) = u(z,y) + iv(z,y), then prove that u(z,y) and v(z,y)
have partial derivatives at zy = zg + i yo that satisfy the Cauchy-
Riemann equations

@_c’)v‘ Bu__é?'u
oz 0y’ Oy Iz

[40 marks|



(c) (i) Define what is meant by the function h : R* — R being
harmonic. ' [5 marks]

(if) Let u(z,y) and v(z,y) be harmonic functions in a domain D.
Show that the function given by

f()_ @_?ﬁ _|_’ @_FQE 3
AL gy Oz “\ oz Ay

is analyticin D. [20 marks]

Q2. (a) (i) Define what is meant by a path v : [a, 8] — C.

[5 marks]
(ii) For a path v and a continuous function f : vy — C, define
[, f(z)d=. : [5 marks]

(b) (i) Let D(a;r) := {z € C: |2 —a| < r} denote the open disc
with center @ € C and radius > 0 and let f be analytic on
D(a;r) and s € (0,7). Prove Cauchy’s Integral Formula, that
is for zg € D(q; s),

. [ ()
e 2mi /c[a,; §)%Z— % =

where C(a; s) denotes the circle with center a and radius s >
0. : [40 marks]

(i) Let C'(0;1) be the unit circle 2 = et — 7 <t <. Show
that for any real constant a,

az
& .
/ —dz = 2m1.
c;1) 2

[20 marks]
Hence deduce that

/ @08t oos(asint) dt = .
0

[30 marks]



Q3. (a) Define what is meant by the function f: C — C being ents

[5 marks]

(b) Let A C C be an open set and let f : A — C be an analytic
function. Prove that

(1) f has a Taylor scrics expansion about zp, that is, there exists
a unique sequence (a,)>, € C such that

8

Flz)= an(z — 20)", 2z € D(zp; 1) C A,

=

=

and the coeflicient a,, is given by

1 f(t)

e = FA gy s S el
4 2mi JC(z0;5) (f = zﬂ)n_l—l : & 3 i
[25 marks|
(ii) f has derivatives of all orders on A. [25 marks]
(iii) f™(20) = nlay. ' [15 marks]
(c) Using the results in (b), expand f(z) = In(1 + z) in Taylor series
about the point z = 0. ' [30 marks]
Q4. (a) State the Mazimum-Modulus Theorm. [10 marks]

Suppose that the function J(z) = wu(z,y) + iv(z,y) is analytic
everywhere in the ay-planc and u(z,y) bounded for all (z,y) in
the xy-plane. Using the Maximum-Modulus Theorm, prove that
u(z,y) is constant throughout the plane. [20 marks|

(b) Let > 0 and let f : D*(29;d) — C, where D*(29;d) := {z:0 <
z — zy| < §}. Deline what is meant by

(1) the orderof f at z; [5 marks|
(i) f having a pole at z of order m. [5 marks]
(c) (i) Statethe Residue Theorem. [10 marks]



(i1) If f has a pole of order m at Zo, then prove that

1 . m—
Res(f; 20) = E— Jim B,

where h(z) = (z—20)™ f(2). [30 marks]
Using (i) and (ii), evaluate

1 E,L:

where ¢ is a real parameter. (20 marks]

Q5. Let a > 0 and suppose that

(i) f is analytic in the upper-half plane, that is, {z : Im(z) > 0},
except possibly for finitely many singularities, none are on the
real axis.

(i) f(z) — 0 as |z| — co with Imz > 0.

Then prove that

O

= /_ e f(x) du

oo
cxists and

I = 2mi x sum of residucs of ¢***f(2) in the upper — half planc.

(60 marks|
Hence evaluate the integral

/°° @ sin @ ;
———dz.
2

ce XEF 242

[40 marks]

Q6. (a) State the Principle of the Argument Theorem.

(10 marks]



. ‘f-;,\. ".“:--,,\__._‘_________‘_d./
(b) Prove Rouche’s Theorem: Let v be a simple closed path ii ’aatiiiﬁ_jm’,x. srt
open starset A. Suppose that
(i) f,g arc analytic in A except for finitely many poles, none
lying on ~.
(1) f and f + g have finitely many zeros in A.
(iii) lg(2)| < |f(2)I, 2z €. Then

ZP(f +g;7) = ZP(f;7)

where ZP(f + g;v) and ZP(f;~) denote the number of
zeros — number of poles inside v of f + g and f, respectively,
where cach is counted as many times as its order.

[50 marks]
(c) Prove that all the zeros of the equation R(z) = 27—52%+12 = 0 lie
between the circles |z| = 1 and 2] = 2. [40 marks]
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