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MT 3O2 - COMPLEX ANALYSIS
PROPER & REPEAT

Answ$ all questions Time allowcd: 3 Hours

Q1. (a) Let (2,)p, bc a sequcnce of points in C. Define what is meant by
zr4 z^6n+ca. [5 marksl

Let z € C. Prove that if lzl < 1, then

1+z+22+..-

(You may use the result that if lzl <

Hence show that if la < 1, thcn

1-z
1, then lirn z" : 0.)

1- acos//
1 + acosd + {12cos20+ o'3cos30+... = 1-2u.cos0aaz'

[30 marks]

(b) Lct /: ACC -C bc dificrcntiablc at somc zo : ro+ilJo€ A.
lf f(z) : u(x,y) + iu(x,y), then prove that u(o,g) and o(r,g)
have partial derivatives at z0 - s0 + i yo that satisfy lhe Cauchy-
Ri,emann cq::.ations

0u 0u du 0u
Dr '0y' 0y 0x'

[40 lnarks]



(") (i)

(ii)

Define what is mcant by thc function h : JR2 - JR being
harmon'ic. ls marks]

Let u(o, y) and u(c, y) be harmonic functions in a domain t.
Show that thc functio.n given by

ta),: (x-#).,(#.#)

Qz. (a) (i)

(it

(b) (i)

is analytic in ,.

Definb what is neant by a paLlt' 1 : la,l)l '+ ().

[zo marks]

[5 marks]

For a path .y and a contiuuous function I : 1 - C, define

I, f(") ar. [5 marks]

Lel D(a;r) ;: {z e C : lz - al < r} denote the open disc
with ccntcr o € C and radius r > 0 and lct / bc analytic on
D(a;r) and s e (0,r). Prove CalLchA's IntegraL Formula, tba|
is for z6 e D(o;s),

J*u, -^t.I J(",t,' 2nr .r.(r. ,) 2 :o

where C(a;s) denotes thc circle with center o and radius s >
0. [40 marks]

(ii) Lct C(0;1) bcthcunit cilclc z. = eit, -n ( t ( r. Show

that for any rcal constont o,

Hence deduce that

I

L,tlzI l- r, er;

[20 marks]

eo cos i cos(asint)dl : r.

[30 marksl



Q3. (a) Defne what is mcant bX the function

(b) Let '4 ( C be arr open set and let
function. Prove that

t \:'|-'j

\s,.
/: C' C bning ""M': '-;;5

lb marksl''*-;";;J--"

l:A-Cbea.nanalyiic

(i) / has a Taylor scrics cxpamion about zo, that is, thcrc cxists
a unique seqrence (o,,)i10 q C such that

f (z):la*(z- zs)", ze D(a;r)!A,

and the coeillcicnt a,, is givcn by

r I ffr)n,--l 
- \dt . n)0.0<s.-r.'" 2ri l.ka.")(t 2o)"

[25 marks]
(ii) I has derivatives of ail orderS on 11. 125 marks]
(iit /(")(zo) = r,ro,,. [15 marks]

(c) Using the resulis nr (b), expand l(z) :ln(t + z) in Taylor series
about the point z: 0. [30 marksl

Q4. (a) State the Mdri,mu,m Mod,ulus Theomn. f10 marksl

Suppose that thc lunction J(z) = u1r,,O1* i.u(c, gr) is analytic
evcrywhere iD thc ,g-planc and r-r(c, y) boundcd for all (r, y) in
the cy-plane. Using tire lVlaximum-Modulus Theorm, prova that
a(o, y) is constant throughout thc plane. [20 marks]

(b) Lct li > 0 and lcl / : D'(zo;t) - C, whcrc D-(26;li)
z - zol < 6j. Define what is meant by

(i) the ord.er ol f al z6;

(ii) / having a pole at zo of order m.

;:{z;o<

15 marksl

15 marksl

[10 marks](c) (i) Statc ihe ,ce sirl,ue Theorem.



(ii) If / hes a pole of order m at 20, then prove thot

Bes(/;:6) = ,,- 
t 

,,' lirrl A'' '1.;,

where h(z) = ("- ro)^f(r). I3o marksl
Using (i) and (ii), evaluate

1 [ ." ,-
2ri |cp,.t) ,2122 - 2z * 2\ "'

where I is a rdal parameter. [zo marks]

Q5. Let o > 0 and supposc that

(i) / is analytic in thc uppcr-half planc, thot is, {z : Im(z) 2 0},
except possibly for finitely many singularities, none are on the
real axis.

(ii) /(z) --+ O as lzl - oo with Imz ) 0.

Thcn prcvc thet

r,- [- e,", l(r.7 Jt
J__

cxists ond

. 
I : hri. x sum of rcsiducs of ci"" f(z) in thc uppcr - half plallc,

[60 marks]

Hcnce cvaluate thc integra,l

.r'sin -o

' 

-dr

J--f+2r+2*"
[40 marks]

Q6. (a) State the Principle of lhe Argunent Theoren.

[10 marks]



(b) Prove Rouche's Theorem: Let 1 be a simple closed
open starset ,4. Suppose that

(i) /,9 arc analytic in,4 cxccpt for finitcly many polcs, nonc
lying on 1.

(ii) / and / + 9 have fiDitely many zeros ili ,4.

(iii) le(z) < l/(z)1, ze1. rhen

zP(f 1- s;1): z P(f;t)

wherc Z P(f I 9;1) and ZP(/;1) denote ihe number of
zerod * number of poles inside 1 of ,/ * 9 and /, respectivcly,
where cach is countcd as many times as its ordcr.

[50 marks]
(c) Prove tlrai all the zeros ofthe equation R(z) = z7 -923..y12 = g 1is

between the circlcs zl = 1 afi 1zl:2. [+o rnarksl


