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1. (a) Let (ay) be a sequence of real numbers satisfying
o1 <(1+A)an+B, n=012--,
with A > 0 and B > 0. Prove that

a, < (1+A4)" ag+[(1+A)“—1] a

5 n=012.

(b) Let y € C?[0,1] be the solution of the m-dimensional system
y’ =f(:c,y), 0Sz=< 1: y(D) =
where, for the maximum norm

Hf(:n,u)—f(x,v) ” < L”u_U”

with L > 0 for all u,v € R™ and for all z € [0,1].

Show that, for any = and h ; |

ly(+h) —yl@)-hy'(z) | < 5h* max ||y"()].

1
2 0 <z< 1 .



(c)

For given o, let w1,%s,---,yn be given by the explicit Euler

method
Ynil = Un + hf (DY), n=0,1,2,--- ,N —1

with Vh = 1.
Show that

h L !
[y —ynll < e llgo—vl S (e —1)012%){1 | ¥"(z) |

and comment briefly on the significance of this result.

Define the following terms.

i. Consistency,
ii. Zero-stability,
iii. Convergence,

applied to the linear multi-step method

k k
Z&j Yi+1 = J‘EZﬁj faris (oax=1),
=0 =0
used for solving initial-value problems of the form

y = f(:c,y), RS [a!bL y(a’) =1,

where f : [a,b] x R™ — R™,

Prove that a convergent linear multi-step method is consistert.

(Any result-used here should be stated.)

Show that for all values of a, the method

h
Yz + @ Yni — (1 +0) 9o = 5 { Sl 50 fm]

1s consistent. For which values of « is the method convergent?




B (a) Define the order of a lincar multi-step method in terms of thlﬁ
l [

associated linear operator. \ LA
Show that the linear multi-step method \\
h
Ynt2 — 2 Yn+1 + Un = '2" (fn-i—Z i fn)

1s of order three.

(b) Show that a linear multi-step method with characteristic

polynomials p and o is of order p if and only if
p(2) — In(2)0(2) = Cpya(z = )P + Cppalz — 172 + -+,

|z — 1] < 1 with Cpyq # 0.

(¢) A linear multi-step method with characteristic polynomial

is of maximum order. Determine the method and the error

constant and explain why the method is convergent.

4. (a) Define the term “absolute stability” ( at a point ¢ € C)
as applied to a numerical method for solving initial-value problems

for ordinary differential equations. -

(b) State a necessary and sufficient condiLion. for a linear multi-step
. method, with characteristic polynomials p and o , to be
absolutely stable for given ¢ € C, in terms of the roots of the
polynomial p(r) —q o(r).
Show that a convergent linear multi-step method cannot be

absolutely-stable for small real positive g.
(c) Consider the two-step method

4 1

+ 2:’f
n+2 — 5 Yn o Yn = 5t Int2:
Yn+2 3y+1 39 3 +2



(b)

Write down p(r) and o(r) associated with this method and

show that if 7 is a root of the polynomial p(r) — go(r), then

3 il
Ui 2 T-_-l--l- o) e

Hence show that if ¢ € 3S (where 9.5 denotes the boundary of the

region of absolute stability), then
q(0) = (cos — 1)*> +4 sinf (2 — cos0)

for some 0 € [0, 2r]. Find the interval of absolute stability of the

method.

An s-stage Runge-Kutta method with coefficients array

CL |Gt By = gy
Co Ui Ooogs = Lign!
: Z‘J’ 1=1,2,+ 8,
Cs Qg1 g2 Ugsg =
by by by

is used to solve initial-value problems of the form
v = f(y), yla)=v, f:R™—R™

Write down the formulae that define Yn+1 , approximation fo

Y(z, + h) , given an approximation Yo to y(zy).

Define the order of a Runge-Kutta method.
Prove that all explicit s-stage Runge-Kutta methods of order s
have identical regions of absolute stability. Determine the interval

of absolute stability when s = 2.
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(¢) Prove that the three-stage Runge-Kutta method coefficients _ﬁff; —. _'%\_\_-_-‘__,-?E_j;_‘_ :
Ok OEN0 S0 |
| 11
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is of order 2 and that the interval of absolute stability is [—4, 0].

[ The order conditions may be assumed but should be stated ].

6. (a) The coefficients of an s-stage Runge-Kutta method are given by

the array
C | A ;
e C =4de, e=[1,1,- 1%, bT:[bl,bg,"‘,bs].
b* '

Let B = diag(by,be, - ,bs). Define the terms “B-stability” and -
“algebraic stability” as applied to the Runge-Kutta method.

(b) Prove that, if a Runge-Kutta method is algebraically stable, then
it is B-stable.

(¢) Is the two-stage Runge-KKutta method given by the array

||-b-[£.0 e
Colca oo~
Colo Co|lm—

Il
2 = .2—
algebraically stable? Justify your answers.




