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SECOND SEMESTER
MT 202 - METRIC SPACE

Answer all questions

Time : Two hours

(a) Let X be the set of all bounded sequences of real numbers. Define d : X s X —, R
by

[+, &]
|zi = yil
d(z,y) = Z “—ig‘i
i=1
where z = {z,};cn and ¥ = {y; }ien are two arbitrary elements of X. Show that
(X,d) is a metric space, [20 marks]
(b) Prove that every open ball is an open set. [20 marks]

(¢) Prove that, for any subset A of a metric space its interior A® is the largest open

set contained in A. '25 marks]

(d) Is it true that, arbitrary union of closed sets is closed? Justify your answer.

[10 marks]



(e) Prove that, if a subset F of a metric space is closed then F contains all of its limit

points. |15 marks

(f) Prove that, in any metric space singleton sets are closed sets. {10 marks|

9. (a) Let (Y,d) be a subspace of & metric space (X, d). Prove that A CY isopen in Y
. and only if there exists a set G open in X such that A = ynG. (35 marks|

(b) Tn a metric space, prove that any Cauchy sequence that contains a convergent

subsequence 18 convergent. 120 marks|

(c) Prove {hat the intersection of any collection of complete subsets of a metric space

is complete. 20 marks|

(d) Is the open .nterval (0,1) compact i R? Justify your answet. [25 marks|

3. (a) Prove that, two open sets are separated if and only if they are disjoint.
[25 marlk

(b) Prove that, a metric space M is disconnected if and only if there exists a n

empty proper subset of M which is both open and closed. (25 marl

(c) Let (X,d) be a compact metric space. Prove that if A 1s @ closed subset of

then A is compact. [20 mar

(d) Prove that every compact subset of a metric space is bounded. 18 the converst

this result true? J ustify your answer. 130 mat
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4. What is meant by a function from a metric space (X,d) to a metric space (Y,p) is

confinuous at a point ¢ € X7 [10 marks]
Let f be a function from a metric space (X, d) to a metric space (Y, p). Prove that the
following statements are equivalent.

(i) f is continuous on X, [15marks]

(a) f~YQ) is an open subset of X whenever ' is an open subset of V. [20 marks]

(b) If 2, — & in X then [(@n) = f(z)inY. [20 marks]
(c) f(A) C f(A) for every subset 4 of X. [15 marks]

(d) f7HC) is a closed subset of X whenever C is a closed subset of V.  [20 marks|



