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1. Let,l be a real valuecl bounded fuuctiol on [a,0]. Explain r,hat is

meant by the statenent that ,,/ is fuernarrn ini,egrable over ftr,ll.

(a) With the usual notations, prove iiha,t a bourcled functi{rr / on

[o, b] is Riernann integrable if, antl onlv if, for sivel e > 0 iher0

exists a partition P such that

u(P, f) _ L(P, l) < c.

(b) Let I be a Riernann intcgrabic funciiou on [a,l,]. prove thrr,t

fu t"'o' = li' ' 
16-')i 

t (, - , '' -'])J4 r,rc , E , n I

Hence prove that

;*[#r.#* *,!]='',



(c) Lct J be a reai valued continuous {unctiotl on a bounded irLterval

[a, bl and F bc any lunclion for which F'( r) - /{u ) lor all

r c Jo.bl r,o'" rt'ot ;l /ft)ar = F{i') F{o) '

2. When is arr inlegrol f' tU'u'said tn ho an impropt'r integrrl 'l thc

ffrst kind, the ,""oni[ind and the third kind?

What is mealt by thtt s1'atemcnts " an

kin<l is convergent" ;rnrl "an improper

convergent"?

impropcr intcgral of ihe {irst

intcgral of thc secorrd irild is

Discuss the conve[geoce of the followirrg:

r@ dr:l' Jo rt'/t+s''
r& sin j,

ii I 
- 

dr.'
Jt r
/6 hr.c

iii I --- ^dr'Jg c-J

3. Define the terrn "Unilbrm convqrgcnr:e " of a seQuence of funciions'

(a) ff {/,(o)} is a soquence of cont'inuous functions which cort'terges

unilormly to J or E ! R and ii c is a Iilnit poini' of E' sho'v that

i. f is conlinuous on E'

ii. lim IsI J'(') = Jgg !r11/"(')'

(b) i Let {f,} bc a sequence of frrnctions that are integrabio on

la,bl arrtl srrpposelhar t/"i convrrqcs rrniforn'lYorr f 
lt lo/'

lruve rlral J is iniegraLrle td 
J" l('t'1t = ,lirn /' L(r)dr'



q-

ii. Provide a sequence of functions

g on an interval [0,1] such that

ll 11
exist and lim I g"k)rh 4 In+6Jo Jo

dx.

Inj

T"'

s@)

convcrges

9"(t)tl:t attl

4. (a) Let {fi} be a sequencc of reaj valuecl functions riefinecl on "E ! R.

Suppose that for each n € N, thcre is a consLaxt M" such that

.f "(c)l < M" lor aLJ re -E,

where ! M, converges. prove that ! /,, corverges uniforruly orr

E,

(b) ForeachneN, let {1"} be a sequence ofrcal valued functiorrs on

(a, D) which has a derivative fi ot (a,b). Suppose that the series

!(/,) converges for at least one point of (o,6) and ihat the series

ol derivativeii li1;1 
"onue.g"s 

unitbrrnly or (o,6). provc thai

i. there cxisiis a real valued function / on (.r, r) such that !ff,)
convergcs uniformly on (o,6) to /.

il. / has a dcrivai ivp on (a.bt nnd /, = f ,q.

(c) Provc that, for0 S.r S I,r|p,ieriesf " i.u,,u",r^'.,,,,ituru lu

to a function / ir 10,1]. 
r=t

Shorv that thc series

S d ,..-z- 
'1' ' 

"'/'t3)
f,=1

converges unifoJnly and tfi({) =,1,(r).
a=1


