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Answer all questions Time allowed: 3 hours

1) Let f:[4,B]— R be abounded function, where 4,B<Rand 4 < B.

a. With the usual notations, define the lower Riemann sum s(f,A) and
upper Riemann sum S(f,A)of f corresponding to the dissection A of
[4, B].

- Suppose that A,A'and A'are dissections of the interval [4,B]and that
A' € A. Prove the following:

> s(f,A)<s(f,A) and S(f,A)<S(f,A)
> S(f.A)<8(AAY.
What do you mean by f'is Riemann integrable over [4, B1?

Prove that the following conditions are equivalent.
»> f is Riemann integrable over [A4, B]

» Given e> 0, there exists a dissection A of [4, B] such that
S(f,A)—s(f,A) <e.
. Suppose that f is Riemann integrable over [4,B]. Suppose further that
C €[4, Blis such that f(x)=g(x)for every xe [4,B] except possibly at

B B
x =C Prove that g is Riemann integrable and If(x)dx = J-g(x)dx.
A A

. Give an example of a function which is not Riemann integrable.

2) Explain what is meant by a step function on % .

a. Let f e L(R). Prove that there exists a sequence (p,) of s{ep functions
such that ¢, (x) — f(x)almost everywhere in %, and that

ﬂf—qo,,|—>0 as n— o,
N

b. If ¢ is a step function, show that _[go(x)cos kxdx—0 as k-,
n



AT

3)

d.

Hence or otherwise, show that for f € L(R),
jf(x)coskxdx iftas k.

n

State the Fubini’s theorem in %?and use it to prove the following.
Let f e M(%?)and suppose that one of the integral

ﬂf(x,y)\dy]dx ; J{ it y)
0N\ 0A\ND
Prove that, if f(x,y)= ye'““l”’2 , for (x,y)eR? tﬁen
J( jf(x,y)dy}dx = j[ [ £, y)dx] dy .
0NO o0\NO

, b
Deduce that 5[8 dx = %

de dy exists. Prove that f e L (‘.Rz).

4) Prove the following: (You may use any convergence theorem.)

a. Je"‘”dt = %x’ where a > 0

5)

R o
Je cos Bldt =———, wherea, 5> 0
: a” +p
“tsinat a
J-—‘—dfzz —— where a>0.
e —] la + R

State the Monotone Convergence Theorem and Dominated Convergence
theorems in L(I).

Suppose that I =[A4,%), where 4 e R . Suppose further that the function
f:1 — R satisfies the following conditions:
»  fe L([4,B])for every real number B = 4.

B
=  There exists a constant M > 0 such that .ﬂf(x)ﬁx < M for every real
A

number B> 4.
Prove that

B ) B
[ e L), thelimit Lim [£(x)dx exists and [ f(x)dx = Lim [f(x)ax.
. —poa 3 % -’w)‘l



c. Let f:[0,00) >R be defined by f(x)= n'sinzx, for every
x € [n—1,n). Prove the following:

B
s Lim J-f(x)dx: 2!0g2;
B—rmu w

i
. _nf(x)d_x\ is not bounded as B —> @ ;
]
= feL([0,)).
6) Prove the following:

a. Every open set G < R is a countable union of pair wise disjoint open
intervals in N.

b. Suppose that I = R is an interval and that f:I— Ris given. If there
exists a sequence (f,)in M(I), the set of all measurable functions on
I, such that £, (x)— f(x) as n—>o for almost all xel, then
feM(y).

c. A subset S of R has measure zero if and only if the following two
conditions are satisfied:

= Y.eL(N);and
. I‘Ps(x)dx =0.
n
d. There exist sequences (g,),(%,) in L(%)such that g, — 0 almost

everywhere but Il gn\ does not converges to 0 as n —> o and
N
ﬂhﬂl —» 0 but (# )does not converge almost everywhere to 0
9n
asn—> 0.



