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Answer all questions.
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(a) Prove that a topological space (X,7) is compact if and only if
every collection of closed subsets of X with the finite intersection
property has a non-empty intersection. [40 marks]

(b) Prove that every compact topological space has the
Bolzano-Weierstrass property, that is every infinite subset of the
space has a limit point. [20 marks]

(c) Prove the following:
i. Any continuous image of a compact space is compact.
[20 marks]
ii. Any closed subspace of a compact space is compact.
[20 marks]

(a) Prove that any compact subset of a Hausdorff space is closed.

[25 marks]

(b) Let f and g be continuous functions of a topological space (X, T)
into a Hausdorfl space (Y, V). Prove that the set {z € X : f(z) =
g(z)} is a closed subset of X. [30 marks]

(c) Let (X, 7T) be a Hausdorff space and let f be a continuous function
of X into itself. Prove that the set of fixed points under f is a
closed set. [30 marks]

(d) Let K be a compact subset of a Hausdorff space X and suppose

that p is a point in the complement of K. Show that there are
disjoint open sets U and V with p € V and K C U.  [15 marks]

Time allowed: Three hours



.3.."

o

(a) Let o be an equivalence class of paths with initial point z and
terminal point y. Show that

Eza=a and a., =aq,

where €, is the equivalence class of the constant paths of I into *.
[30 marks]

(b) If X is a path-connected space, then prove that the groups 7(X, z)
and (X, y) are isomorphic for any pair of points z,y € X.

[30 marks]

(¢) Prove that the image of a path-connected space under a continuous
map is path-connected. [20 marks]

(d) Let {Y;: ¢ € I'} be a collection of path-connected subsets of a space
X. If Q{Y,; # ¢, then show that ¥ = .L_J{Y; is path-connected.
i e

(20 marks]

(a) Prove that a space X is simply connected if and only if there is a
unique homotopy class of paths connecting any two points in X.

[30 marks]

(b) Prove that n(X x Y) is isomorphic to w(X) x n(Y) if X and Y
are path-connected. : [40 marks]

(c) If a space X retracts onto a subspace A4, then show that the ho-
momorphism i, : 7(A, z9)—7(X, ) induced by the inclusion
i : A—X is injective. If A is a deformation retract of X, then
show that i, is an isomorphism. (10 marks]

(d) Show that the map 8y : 7(X,z)— (X, xo) defined by SBu[f] =
[h.f.h] is an isomorphism. [20 marks]

(a) If X is a simple point space, then prove that Hy(X) & Z and
H,(X) =0 for n > 0. (20 marks]

(b) If X is a non-empty path-connected space, then prove that
Hy(X)Z. [40 marks)

(¢) Prove the following:
i. Ofy = fu0, [10 marks]
ii. 880 =0, [30 marks]



where 0 is the boundary operator from Sn(X)
Sn(X) being the set of singular n-chains in X f
from S,,(X) to S,(Y) for a continuous map §f :

Let (X,p) be a covering space of X, 75 € X . _
Prove that for any path f : I— X with initial POl P Rere",
exists a unique path g : I— X with initial point zy such that
ge=1r [20 marks]

Let (X’, p) be a covering space of X and let go il ==X he paths

in X which have the same initial point. If P-9o ~ p.g1, then show
that go ~ g1. Also show that gy and g1 have the same terminal

point. [40 marks|

Let (5(:,/)1) and (.35;,{3‘2} be covering spaces of X and let ¢ be a
homomorphism of the first covering space into the second. Then
show that (X, ¢) is a covering space of X,. [40 marks]



