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Number Theory - lUlT 309

Answer all questions Time allowed: 2 hou l r$i {10{

Q1.

(a) Define tbe greatesl integer Ljr-]ofa real numherrc and show that

0 < lzr.l- 2[r.] < l. {25 narkt

(b) Il p (1'3 p : r) and/' (> 2) are reLatively prime then prove thall

scd(n P'n) = l (20 nrarkt

(c) Prove thar the Lincar Diaphantine Equation ax + by = c has a solution ifarld only

ifl cwhcre d: gcd(r,r).Fufthershowthatif (t0,Jro) isasolutionthcntheset

or al.,orurionsan girenby ("- lj , 1). t' Z lstnilst

(You may assume thal ifd = gcd(a. b) then gcd ( +, * ) '= t)

(/) Find the shortest possible dislance between two lattice pojnts on the line clrfined

by ar ,l = c 120 marksl

Q2.
tar lfa lt f ..i and b t\'rl tl then gtd(.r'Dl ri ri) r: and

rcn1a,t 1 - f idr' .. t! . '\hercc.lcha and.,1, arc the minirr'um and naximum I rr'

and rr respectivoly. Itsc this rosult (rvithort prooO to show that

tcn(a'D= -fu.
(30 n{trk9

(b) Ifp anrl q are two distinct primes. then show that uff is il.rational (20 rsrlis)

{.) Define lhe Fibondcci scquence /, i l0 malkir .rnd provr lhal
/q

li)J.'d"'fatn 2.\rherr/- f . ,:0..r,'

(ii) J,-rf, t-X, =( l)', fora) l. (20 mark'

Q3.

1ir) Define Euler's { fLrnction d(t?) lor any nonnegative inl.eger n and show that

o(n) < 4@), where a](r) denotes thc numbcr of primes 5 , that does not dilidt 
'?'

(20 markt



S'r

$',

(b) State Euler's Tleorem and use it to prove np = n(modp) for arLy integer r, any
primep. (20 narkt

ffi,iA1a,rr) : gcd,(a- 1,m) = i then prove thal

. I+a+a2+...+ailn)-\ = o(fiodm).

{11 markt

(d) Show that ifgod(/r,n) : I then md@) + n$\.) = l(rrlodl/,tl). (20 marks)

(e )-State Willson's Theorem and use it to pmve ifp = I (mod4) then

[(+)']'= r(modp)

(25 maxks) ,

Q4.
(a) lf a = b(nod,n1) and d = b(modn 2) then show that a = D(modm 1rz2 ), rvhere

gcd(m1,n2) = l. (20 marks)
(b) Defrne a pseudopnrre and shovr' that there are infinitely many pseudopdm€lr to the

base 2.
(You may use the result that if d and , are natural numbers and d I n then
(2d- t) I (2, - t)). riomarks)

(c) Define Carmiohael numbels and show that 2821 is a Carmichael number a:!0
rnarks)

(d) If a belongs to the exponent l' modulo 
', 

and ifal = I (m6d a; thsn show th !tt I r". (15 harks)

(e ) If a belongs to rhe exgonent i modulo nr and if gcd(i r) " dthen shoq rhar ar
belongs to the exponent f modulo rz. trs mrks)


