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(a) Define the term “positive delinite” iy appliod foan oo o Hermitian matris

rove that the determinant of each principal subyniatris of o positive definite

malris is positive, |20
(h) Define the term “clementary Tower feinnpilae mad i

Prove that o positive delinite matris can he midgnely expressed as | (1)
where L s a mnil lower Ceiamgular madvis ond £ s an upper frmneabae mati
[30]

() Show that o Hermitian matris Uis positive definite i andd onlv il |
Swhere GHis a non-singulin lower Eriangular matvix,
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2. (a) Define the terms “unitary matrix” and “elementary Hermitian matrix " [10]
(b) Show that, for any real vector &, there is a real clementary Hermitian matrix
H(w) such that H(w)z = co where ¢ = 2"z and ¢; = (1,0.0. .. 07
1y I ) jokd ]
What is the optimal choice of the sign of ¢ for the computation of 1? [20]

(¢c) Let H(w) be an n x n elementary Hermitian matrix and fot / he the i xom

identity matrix. Show that the partitioned matrix

. id L a8
O [ H(w)
is an elementary Hermitian matrix. [20]

(d) Determine an upper triangular matrix U such that /7.4 -— [, where I is a

product of clementary Hermitian matrices an

[ =3 2
A=z 19 § =
2 5 {)

making the optimal choice of sign in each stage of process. Henee solve the
system Az = b, where b = (5,0, 1) [50]
3. (a) Define the phrage strictly diagonally dominant applied to an w x n matrix A,
03]

(b) Given that A is strictly diagonally dominaut, prove that A is nou-singular
Given also that 4 = J — J, - U, where L is strictly lower triangular and (7 s
strictly upper triangular, Verify that || L + U7

la sz 1 and obtain o bouid fori
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(¢c) For arbitrary 29, o sequence {x'} is defined by

2 = (1 - wL)™ wb + [(1 ~ w)l + wOa", p=0,1,9.3,



Show that z — 2(r+1) — M(r - g, r=0,19,,.. , where
M = (I —wL)- (1~ w)T + wl] and Az = b, State a necessary and sufficient
condition for {207} 10 couverge (o w. ' [10]

(d) Let 0 < w < 1 and let A be any complex number with | A [> 1. Show that
[ Adtw—1 | 2l wA | > w. Deduce that if A Is any eigenvalue of M, then
A< 1. [30]

(e) The following equations are to he solved by successive over-relaxation with a
relaxation parameter 1.1 ;

Starting with 2 = 0, obtain 0. 2@ and bouud for | &= at® |
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(a) Define the term “upper Hessenberg matrix.” [05]

(b) i Lev A Basnnxn matrix. Describe how a non-singular matrix S, a prod-
uct of elementary lower trianpgular matrices and elementary permutation
matrices, can be obtained so that §- '4S is an upper Hessenberg madtrix.

[30]
ii. Obtain the number of multiplications needed for this process. Explain why

Householder’s method is better than this process when A is 1 ermition. [30]

(¢) Given

[ 2 1 2 0
0 -1 1 1
| =
-1 =1 2 1
L—l 0 -1 2



find an upper Hessenberg matrix S 'AS, where S is a product of elementary

permutation matrices and elementary lower triangular matrices. [35]

(a) Let A = (a;) be an n x n upper Hessenberg matrix such thal
Goray .. Uppoy ‘_]'é 0.

Show that the characteristic polynomial p()\) of A is given by
PIA) = a1 (Nagiasg ... ay oo,
where a1 is given by the recurrence relation
QA= 0 81p + Oolgp + ¢+ Qplyy + Qg Gygerr, ¥ =1,2,...,7,

1

o is a function of A, r =1,2,...,n.

(Assume that ay = 1, agy 5 = 1),

(b) The upper Hessenberg matrix

D

I 5 0 1
A=

g = =L 4§

0" 0 =]

N

has one eigenvalue A in (3.4, 3.5). Find the characteristic polynomial of /A, and
its derivative at. Ag = 3.5. Apply one step of the Newton method to oblain a

new estimate for A. [65]
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(a) 1. Suppose that the i genvalue Ay of largest modulns and (1«:.)11(—!5;.;011(.!1ng,' eigen-
vector z; of an n X n matrix A have heen computed by the Power method.
Show that there is a non- singular matrix S, a product of an elementary

permutation matrix and an clementary lower (riangular matrix, snch that

Al [0 ] B,

OB
where B is an (n— 1) x (7 — 1) matrix and ~ is an (n = 1)-column vector.
(25]

il. Describe how the other eigenvalues and eigenvectors of A could be com-

puted. [20]

(b) It is given that the matrix

8L B
A=11 8 -1
01 0

has an eigenvalue close to 3.4 and that a corresponding cigenvector approx-
imately (0.7,1,0. 3)*. Obtain 2 x 2 makrix 3 whose cigenvalues approximate
the other eigenvalues of 4 | 130

(¢) Describe briefly how inverse iberation is used to improve an a pproximale eigen-

value and eigenvector of an n x 1 matrix, [25]



