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EASTERN UNIVERSITY, SRI LANKA
SPECIAL DEGREE EXAMINATION IN MATHEMATICS

2001/2002 (Jan.’2004)
FIRST SEMESTER
MT 402 - MEASURE THEORY

Answer all questions

Time : Three hours

1. (a) Let (¢,) be an increasing sequence of step functions on R such
that (fd)n) 18 convergent.  Prove from first principle that {(¢,)

converges almost everywhere on R.

(b) Show that a subset F of R is null if, and only if, there is an

imcreasing sequence (¢, ) of step himctions on R such thal

i, lim / by < 00 and

T 0K

i forall 2 € E, ¢,(2) 300 as n - oo,



2. (a) Let f e LYR). Prove t]

1at there exists a sequence (

@) of step
functions such tha Pnlx) = f(x)

almost everywhere in R, and

that

/ I/ ~dul 20 as noses

(b) Prove that (he function 2 - Jx) cos ka belongs to LYR) for

cach k € R, and that

lim / fx) cos ka da = 0,
R

5 k=voo I

3. (a) Let f bea function whicl vanishes outside the interval e, ]
Prove that if f is hounded and if the points of discontinuity of
i I ;

J form a null set then [ € L'(R).
(b) State the Monotone convergence Theorem ip LYR) and use it to
prove

o
1. / el de =92, and

-0

i g
i, lim / S
n—oa fo | oA 9

4. State and prove the Dominated convergence theorem in 1'(R).
(Monotone convergence theorem may be assued.)

Prove that, for 8 > — 1,



6. Define the te

\'b Univarsut'f 5‘\/
H. State Fubini’y Theorem and Tonnelli’s the

orem foy Lebespie integrable
function on R2.

(a) Prove that

Sl e (st s yle ™ ¢ f ((0, 00) x (0, o))

" — sin g T
= _1__ ”F-;}‘ = —,
J0 z 4

(b) Let f:R? R be defined by

and deduce that

[(x,y) 27 =y it 0,0)
all) = —— . ) # (0,
S,y (22 4 422 ) #
( i () = (0,0).
Does f ¢ LY(0,1) x (0,1))7

Justify vour answey.

'm measuralle function.

(a) Prove that SRR s measurable if, an only if mrid( - 9.1.q)
is integrablo whenever g ig g non-negative integral)e function,

(b) Let (fn) bea sequence of measurable fim ions on IR . I,et
S R -5 R and £, -5 1 almost everywhere.  Prove (hat /s
measurablo,

(¢) Let f:R - R be a measurable fiune ion
{reR| J(x) < e} iy measurable,
(State without proof

and lel ¢ e B Prove tliat

Y convergenee theorem {ha you usc,)



