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Answer four questions only

Time : Three hours

L. Explain what is meant by a step-function on i\,

(a) Let (¢,) be an nereasing sequence of step Tunctions on R such
that ([ bn) is convergent. Prove from first, principle that (¢,)
converges alimost everywhere on R.

(b) Show that a subset £ of R is null il, and only if, there jg an
increasing sequence (¢n) of step functions on R such that,

Lo lim | ¢, < o0 and
n—H)G’ ]

i forall ¢ R, Pn(z) =00 as n -3 0.



2. (a) Let f € L'Y(R). Prove that there exists a sequence (¢, ) of step
functions such that ¢, (z) — f(z) almost everywhere in R, and
that

/ I —éal >0 as n— 0.

(b) Prove that the function x — f(x)coska belongs to L'(R) for

each k € R, and that

litm / f(2) cos kx dx = 0.
I

+ F—oa
(¢) Given examples of sequences (¢) and (h,) in LYR) such that
L g, — 0 almost everywhere but / gn - 0 and

1. /hﬂ_ — 0 but ), -~ 0 almost everywhere.

3. (a) Let f be a function which vanishes outside the interval [, ],
Prove that if [ is bounded and if the points of discontinnity of

[ form a null set then f e L'(R).

(b) State the Monotone convergence Theorem in LY(IR) and use it to

prove

0
J [ e dy =2
=00

ii. If f e L' then /]f} =0 if, and only if, f = 0 almost

everywhere, and




1. State and prove the Dominated convergence theorem in

(Monotone convergence theorem may be assumed.)

(a) Prove that, for 3 > 1.

X P -Ax 9
=l 1y = Y
./r} ek H*"" L 2; -+ r & f’f

(b)) Let p, ¢ be real munbers such that 0 <P < q. Prove tha

i S ) .
iy, = JF
——— dv = (q — p)
| sy =y

D, State Fubini's Theorem for Lely

(n -+ P+ )

sgie integrable function on B2

Let f:R? - R be measurable

and suppose that one of (he repeated
integrals

/ [/ |/ {x,p)] d.’::J dy, / L1 f ()] dy] da

exists. Prove that [ L(R?).

(a) Prove that
[z, y) = (= - sin 2)y‘e”W ¢ [ ((0, ) % (0

@ —sing s
——— =
Jo w3 4

(b) Let f:R? 3R bhe detined hy

, ©0))

and deduce that

ol mr ol el
Hagy) = G if (& 9) £ (0,0)
= f] it () = (0. 0).

Does f e L'((0,1) x (0,1))? dustify your answer.
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6. (a) Define the term measurable function.
1. Provethat, f: R - Ris measurable if, and only if mid(—~g, [, g)

18 integrable whenever 418 a non-negative inl:-(-*.p,'r:a.l')llo function.

1. Let (f,) be a sequence of measurable functions on R Lot
f iR R and f; — S almost everywhere. Prove that [ is
measurable.

ii. Let f: R — R be a measurable function and let ¢ € R. Prove
that {2 € R | f(x) < ¢} is measurable,
(State without proof, ally convergence theorem that you use.)

(b) What is meant by “a set A C R is null?

Prove that an interval in R is null if, and only if, it is degenerate.



