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Vru should alswer all qrrestions. f,irne.rll(mcrl is JIMEII lurrrrs onl1,.

Each questiorl carries ONE HUNDREI] trra|ks.

1. (a)

(b)

(b)

(c)

Prove that o,ery firrik] inlcgral rlornah is ri ficld I ZS nLarksl

ll /? ira rnrnn'rrr. ivc rrrrS rtir'r lnit), \1,,^\ rLjrr rrr i,lial y'/ in_ll

is nra-xlmal if and ouli, if R/M js lt fiold. [,10 rrarksl

(c) Let r? be a princ\ral icleal dornain. prove 1i[al, evcr] lon-zero

llon unit elcuent of Il can be cxpr-esscd ?Ls a lro(Luct of irlc(lucible

elements.

[35 rnarlrs]

2. (a.) If l'is a field, ;;r'ovr: tlat IfrJ is a FlLclitlcarr <lolrain.

1,10 rrarksl

[25 rnar.ksl

Shorv l;hat lltc

[35 rrrarks]

Stat. aId prn'. Ei:rrrstoirr'., r:r"r'i,,,,

Let /? be a uujq e lactolizll.irlrr rlrrrrair [rrJc1l.

polynomial rirui J?l.r] js also a ufd.



(a) Prove tha.t arr

il and only if

(b) Show thal, the

(r:) Sho*, by au cxaruplc. Ibll e\tly ilrl'cJlrlL

uniquc fActoriz i,i{n1 donr|rlL.

(c) Prove, for aIr,1i morlrrle ,riy',

i. M is rLoethr:riau;

iclca.l < p > iu a prir(iil)al idcal .lotlai)r is nraximal

p is irrerhrtribl{r. I4u rnarks]

sct ZIil of Ciarrssiiur irrtcqcrs js i:r I';uclirk'iln rlrtrlnirr.
l3o urarlis]

dolrairr rrcr:tl rol, bc a

l:10 rnarks]

(a) In a rirrg Z of intr:gcrs, ld, 1, ixr l prjlr)e irrtri8(rr all(] l.rl, Lhnt, li)r

some intcgcl c. lclolivciv plilrrc {o P , thclc.-\isl ilrto8cls rl, rtld

7 srrclr that t:2 1' y2 =' 111 lrrovo ral illl,egers r)lnl /t bc forrnd

srrchihat?:02+b2
['10 rrrarks]

(b) Let n1 be an l?-nochtlc a.rrd r e ly'. Shorv t,ha1 i,lrtr sci

I{:{rr. lltJ l, e ll.tt ai' jisir,rirl strlrrrrrxlulr ol r"l

conta.ining:u. lJ{J nlrrksi

(c) Prove that the suLnodlllcs of thc {lrlo{iil'rli llro(lrrlc ,'11/'N ill0 ol

the forrrr L//-\'rvhc're Lr is a srrLrrr,,dtlc rrl -tt/ conlalnirrg N

[30 rnrrksl

5. (a) Lct J? be a ring lvitlL lrrrity arrd ll,ura(/?./il) deiiotr lLo rilS {r1

cn(lorlrorl]l]isrlrs ol ll ||garrlorl a: :r' ri6lrl /? trlotl rlt: l'to|c lIal

/i :: llorlll(?1,1?) as rings. [i]0 rlrrksl

(b) Lot.4l be a finiitlv genelalorl lroc rttrttlttle ovr:r'a urtlirrrrliativc rirrll

.tl. Sholv tha.lt all bascs ol,\y' hii\t tllil sarn{l tttrltlrt'L ol gtrtttrra{.ts

J3{) lnrLrksi

l,|A1 Llro 1r)ll{)wjrLi{ aIc cqrtilnIrrrt.:



ii. Every submodulc of M
iii. Every nonempty seh,g

elemertt.

is finitr:ly generated;

of submodrrles ot ,V llas a maxitnal

[40 rnarks]

6. (a) Lei Ii be a prirl:ipal i<lcni clornain nn<l M
rank D ov0l Il arrd lV be a srrbrrrodtrlc o1..&1.

frec module of rank ! ru.

(b) Ld .&1 bc a lirilulv gercrakrrl rno(lrlo
domain. Prove that M cal be erpressorJ as

F is a fit:c submorlulc o1,41 and t(M) is thl
M, a1ld Ir is unique up tn isomorp]risrn.

bl a flott 116{n1q u1

Provc that A- is a

f.tb nralksl

ovcr :r pl.ir.il)al idcll
M : l'rs l(M) whcr.o

forsiou srrbrnodrrk: ol

155 rnnrks]


