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EASTERN UNIVERSITY, SRI LANKA

IN MATHEMATICS, (2001 /2___002)
(Jan.’ 2004) - PART II
MT 408 - PARTIAL DIFFERENTIAL EQUATIONS

Time allowed: 3 Hours

Answer four questions only

Q1. State the connection between the solutions of the first order quasi-lineal
partial differential equation
. u o e
Pla,y,u) e + Qo yu) 5 = By, v) (1)
oy

and the solutions of the system
dx rf?; du

b e Tl

Define the characteristic curves of the partial differential equation (
[20 Marks]

(i) Find the solution u = u(z,y) of the partial differential equation
O

ou
o g = e
(x~y) o -y —x —u) 5 u

which passes through the circle
wel wtyt=1.

|40 Marks|



ii) The density p(z, t) satisfies the partial differential equation

dp ap
e o B Ui U
ot T A o
subject to the initial condition
1} xr <0
plo )= fla)=41l=-2 O spaddl .
(et 7= 1

¥
Formulate the problem as a Clauchy initial value problent. Sketch
the projections of the characteristic curves on the (x,t) plane.
Determine the point in the (, t) plane at which the characteristic
projections first intersect.
[40 Marks|
Explain briefly how to caleulate the breaking time of a wave by formu-
lating the problem as a Clauchy initial value problem. _
[10 Marks]

Clonsider a model of damped nonlinear waves described by the PDhE

dp . Op
i Ml Y s ST (1
ot T du: P

where a > 0 is a constant, subject to the initial conditions at £ = (O

. 1, i
= g f (r;‘: = (e o L) ﬁ)

and discuss the possible breaking of the wave.

ol 0) = flo), QST =20

Show that

190 Marks]
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Q3.

Explain the significance of the Monge cone at a point on an integral
surface of the first order nonlinear partial differential equation

F(x,y,u,p,q) =0

where ‘
( ) o o,
w=ulz,y), pPp=5—, q=
/P 5 S r)y

and find the equation of the Monge cone at the point (2o, Yo, o) of an
integral surface of the partial differential equation

’ Ou O
— =1

oz Oy
(25 Marks]

Obtain the solution of the equation

oo, @

for u(x,y) subject to the initial condition
u(z,0) = z°
Show also that for general initial data in parametric form
x=zo(r), y=1wlr), u=1ur)
a necessary condition for a real solution of (2) to exist is
2
riuo 3 dis drg iy
et
dr dr dr’

|75 Marks|

_ State the condition for the second order partial differential equation

d%u . (' ' . Pu . Oou Ou
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to be parabolic. 10 Marks|
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Reduce the partial differential equation
5 Bl y? Ou ] i‘i gu

» 0%u 5 9”u i 1
D gy bt e = e T

Y oz }dwd-y oyt x Or oy Oy
(55 Marks|

to canonical form in the domain @ > 0, y > 0.
h satisfies the boundary conditions

Obtain the solution u(z,y) whic
du
— 927° on the line y = 1.

=
HEE By
[35 Marks]

Q5. Define the adjoint operator L* of the operator

L] &8y a(x, y)u, + b2, )y, + ez, y)u.
[10 Marks)

By looking for a solution of the adjoint equation
L] =0

of the form

’U(:’,L U) = i" W (i:! UJ

show that the Ricmann function of the operator
] 1
—
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s tm T W ay
3 Ty
Rlw, i w1, 01) = ——
U
[50 Marks|
Hence solve the partial differential equabion
1 1 1 I
—_— == =
z

Ugy — — Uy + ~ Uy —
T V. oy

> 0, subject to the initial conditions

in the domain z > 0 and y
3= 3 BN L, Uy = B,
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on the straight line y = 7.

[4 0 M ;u‘ks]
Useful formulae:

Ugy + alx, Y, -+ b, Wty + olx, yhu = f(a, i)

Bz, o, ) =

¢ =]

" il ,
Rz, y5m1,11) = exp (/ rl,(:.n_].lrr_)r.irr) ;
» 'J,]’]

Rz, gy a1,1) = exp (/ (e, g_fl){;{ar).
=1
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Q6. Define the following terms:

(a) Dirac delta function,

(b) Heaviside step function.

[10 Marks]

By investigating under what scalings the problein

U=y = o(L)8(1), —<e<en 210,

alz,0) = 0, ~po<z< o0,

L]

ix invariant, show that its solution is of the form

1 x?
w{rt)= —=11—1.
0 ol e ( t )
[40 Marks]

You may use without proof any result for the Dirac delta fnnction.
Denote the solution of the problem

Uy — Uggy = O(x—E)O(l—~7), =—00<& <00, ¢

iV

w(z,77) = 0, —o0o<T <00,

by
el (g ).

Show that the solution of the problem

W = plEd)) e vty 20,
(e, 07) = 0, —oo<z <Y

1s
yove] it
u(z, t) = / / e, 7] Flgs » £8 ~)dr dg.
SEmens Sl

150 Marks]
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