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EASTERN UIIVEIISIAY, SRI LANKA
SPECIA]L DEGREE EX.AI!{IN4JIION

rN MA:THEMATICS, (2001/2002)

!to".' rgq+)1|4nl tI
M'I 408. PARTIAL DIFFERENTIAL EQUATIONS

Answer four questions orllv 'fim€ allowed: 3 Hours

Q1. State the connectioD between the solutious ol iIe Iilsl orrlcr q'lasi-linoar'

partia.l differential cquotion

;t" t,u,utlt' - R\,,,t ,,) 'r'l'lt.'1 't .-, t Q ,t!t

and the solutiolls of thc systern

,Lr _fu --,!l
P 

_ 
Q R'

Dcfile tlte chalacteristic curves ol ibe prrriial rlifibtctLial cqrtrtiou l1)

[20 Marks]

(i) Find the solutiot ,: r'(t',J) of tlic paltial rliflercntia'l eqlral'i'rrt

A't A"{" '1).)xn t'1 ' ,' i,,,' ,

whi,h Pr-sr* h',,'rr'r 'r" I in -

u.:L t,)4 !2-I.

[40 N4arks]



ii) The densiiY p(l,l) satisfies tLre Paltial cliffereutial e'luaLicrtt

u{;n olt:o'
conditionsubjett lo ilLc iriiial

(t r 1fl
/"ll'-l''l -{l 

'

l(l :t a l

Formulate tlre prJblcn as a Cauchl- iuitial value pr-.oLrleru Skrtch

;;' p;;ti.,rt; of Lhe r:ira'acl crist'ic (t1rrvus on i'he 
.(e' 

1') pla.c

i"i*,.i"" tlre u"uu' il l'hc (r'l) plalc at rvhidr Lhe cLla'r a cto rist ic

projectiorn first ini,ersc(it. 
140 N{zrrks]

CJ2 i-xolaio ociefly I"w "r'"''r'lall lrrts LJ 'r'l:ir'c 
irrrr'ol '\'L' rr l'rrr''l

-' 
iri,,*,i. i,,",,,rn,,c 0,,r.rrr,J i".ri,,l r. rr rrulr'r' 

l||r Nt;,,1s

Consider a model of damped nolllirrcar waves clescribe<l b-r' tlre I'l)il

,',' J,'
at ' P 

'" 
ut)

whcre a > 0 is a constrlrl 
' 
stbiect to lltc inilial corldiliorrs al l: t)i

P(r't)) : /(:i')' -co < r': Gr'

Shorv r lrat

, , J(. , ' 'l
aod cliscnss lhc possible lrreakirtg '-rl 

the u'rvc' 
lg0 NlarkFl



Q3. Explain the sigli{icanco ol thc it{onge conc at a poilll oD dl-I illtegral

surface of the first otder rronlilear partial di{ibrerri'ial ocluatiorr

F(r,g,u,P, q) :0

8u ii1t.
u:u(t:,!l), p: i)r, q: 

Er,

and find the cqtation of tltc Morrge c(trc ai' thc poilt (ro, ro, rro) ol arr

integlal surface of thc par|ial diffcrorliial equatioll

' 6u Du- ---_ r.
0.x du

Obbain the solution of ihe equation

0u 0n

A; i)a - "'
for u(a,'g) subjeci to thc iritial corldiiion

r(r,0) : 1'?.

Shorv also that for gcnelal initial data in parametric lorln

r : ,0(t), u :'uo(r)' rt -'ua(r)

a necessary conditiol fbr a I0a1 solution of (2) to €xist is

(2)

/''10 \' ' ^,,"d;t 
t;:

t'l') dt o 

l'h varksl

Q4. State thc condition for lhc second or(lel partial differenti'l equatioD

Ra,s) # *, o, 11 ffi + r Q, d 4^ ! : t (",',,'*,'\Jl)

to be parabolic. tlo Marks]

where

125 Marksl



Recluce the partial diflere[tia] cqualiorr

^r),Lt c).1 .,d, lt d",;d':
I ",,; 2'! u,toy '" iu, - '.. J, - ., o,,

to canonical form in l'Le donain o > D y > 0 155 Nlarks]

Obtain thc soluiiou z(:r;' y) wlicrh salisfies Lhc bouldaly (onditions

0u
" .- ,, i,, ' 2 r') nrr rlrc lrr'c u = i

e5, Define the aclioi't uu".,,u,, a- of t'll6i opLrr^Lor 
[35 Marksl

Llu) - t'.0 l" o(x)'Y)lh I b(r'!)tLe + c(! u)u

110 N4arksl

By looking for a' solutior of thc adjoirt' equation

/,_lul : o

uf I lre lorm
u' c lr) gwt 

! u)

show that the R.iclnann fnnction of the operat'or

Llul: 1"", - \ u' + \";' k"
i. ./ u,

ll'r't't7t- 
','

[50 N{arks]

llence solve the partial differcrrtiial eqral'io11

111!l
u,! - - u' 'l ;1\t ;uu - ;

in the domain c > 0 ancl g > 0' strbjecli to thc initial (ionditiors

r S:tr /. ,r, :llrJ ,



Q3",\')

on the straiglrt Iine g = rJ.

Useful formulae: [40 M.rrks]

|n,, !,,n,\ 1.,.

u,"s * a(r,U)u,. .t b(:a,!l)u|r F .(,a,u)u, = f (r., !)

R,(t:,y1;t:1,y1) =

1,

oxp

eJip

l
uQ.,.91) - )lktA,,,. ",t,,r At, ttr B.. t..t1

l1- 
J J,,r, ,.r, 

tt. 
^\ 

ft r s\d d,
f / 1 r \ /| | \outt t ;R,,,, - "ult"l,t:t 

- (t,un _
/\

R(r:1,y1;2)1,!)

R.(4,y;x1,y1)

)uQr)l



Q6. De6ne the following terms;

(a) Djrac delLa lurr, tiurL.

(b) Heaviside stcp function.

[1o l4arks]

By investigatiing undcr what scaiings Lhe probletrr

th-u* - ,l(r')ri(l)' -oo<r<xr, f )0,
u(i,,{)") : 0' --Do<r<oo'

i,i invariant, show thot its solubion is oI the lbrtrr

,,,.,r= I r({)
l4o N4arksl

You may use witirout ptoof atry iesult loi thc l)xar delta ilLncliinn

Denote the solutiol oI tLe problcm

ILt - u,' = d(o-()d(r-t), - * < t ': c-r', ' | ) r, .
u(a,r-) = 0, -co<u < co,

by
u= F(r-.(.r-z).

Show that the solutiotl of the problem

1tt*u.c : p(z,l), -m<:r<cc, t)0,
u(c,0-) : 0, co<'<co'

r1

u('.U - | | t't.'.. Ft t. r. t t \'t t:
J( - - ' r'- 

;o Ml,rk -


