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This paper consists of § questions i a total of 3 pages

(a) Let A C R, with m*(A4) < oc. Prove that the following four statements are equivalent:

i. A is measurable;

ii. Ye > 0,3 open U D A with m*(U \ A) <g
it FG e G with AC @ sndm(GNA)N=0;

iv. Ve > 0 3B, a finite union of open (finite)intervals so that m*(AAB) < ¢
(b) Let A be a measurable subset of R, with m(A) > 0. Prove that
m(A + z) = m(4), vz € K; :
ii. there exists a non-measurable subset P of [0,1);

i, If A* = {x —y:z,y € A}, then A* contains an interval [—a, a] for some a > 0.

Prove that

(a) if { l”}“ | is an increasing infinite sequence of measurable sets in R, then

U Ayl) = hm m{An);

_____

n=1
(b) if {A,}52, is a decreasing infinite sequence of measurable sets in R such that
o0
m(Ay) < oo for some k, then m ﬂ A= lim m{As);
A TL—0
n=1

(¢) if the condition m(A) < oo is dropped part (b) fails to hold:
(d) Let A be a measurable subset of R with m(A) < oo , then the function
1z — m (AN (—o0,z])

is continuous.



3. Let (X, B, u) be a measure space,

(a)
(h)

(d)

2,1’3 M 402-2004 /2008 (March/April, 2007)

What does it to mean to say that a function f : X — (—o0,0c) is B measurable?

Prove that if F is a countable, non-void set of such functions [ and if

glx)=sup{f(z): f e}

for each © € X, then g is B measurable.

Give an example of X, B, and F to show that the assertion in part (b) can fail if 5

“countable” is omitted.

Let g be an integrable function over a measurable set A € R, Let {f,} be a sequence

of measurable functions such that |fa(2)| < glx) ¥r € A and ]
lim f,(z) = f(z) a.e on-A. Prove that / fil—7e 0G0 ot / i
=+ J A T?-—-‘m‘ A -

(o2 —n?g?

: n-we da o

Deduce that lim e — =10, fa>0.

n—oo fo 14 a*

hut, the result does not hold if @ = 0

Let (X,%, 1) be a measure space, and the completion (X', ¥/, p') of ( X.,'E.hiu) he
defined by &' = {AU BlA € ©,B C C forsome C € T, u(C) = 0} and u'(A") =3
u(A) when A" = AU B. ] '

Prove that (X', 3, /') is complete measure space.

Let (X, B, ) be a complete measure space. Let 1 < p < oo and £7 (X, B, u) comprises!

all B measurable functions f on X for which

/ | f|Pdp < o0, and Wflls = (/ |f'|""rﬂ,u) " for Je£r (X, B
A S X
Prove that

ioif f,g € L2 (X, B, p), then f +g € L (X, B, p) and ||.f + gllp < |[f{lp + |9l

i, L7 (X, B, p) with |[.||; is a complete normed linear space.
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Let (X, B, ) be a measure space. Prove that

(a) of {f.}52, is an increasing sequence of non-negative measurable functions on X, with
lith f; ='f, then | fdu=-lm / Jndie, but, the result does not hold [or decreasing
— o0

1% n—da
sequences.

(b) if {f.}52, is a sequence of non-negative 11'1@215111‘21]31@ functions on X, with
lim f, = f a. e, then f{f;: lim inf [ [.du, however strict inequality may not

Th—+D, = -\

hold.

(c) if f, ¢ are two non-negative measurable functions on X, and let a,b be non-negative

constants, then af + bg is measurable and

/ (af + bg)du _(f/ S +b/ gdp

(d) if {/u}ﬁﬁ is a sequence of non-negative measurable functions on X, the

/ Z Foddic= Z/ fudpt

n=1 =1
(e) If
sin x
—— 0 <1 < oo,
= ' '

156 i silem=—=10 :"-"-"-'“-'f-f'r..sua'r_“'_‘.j,;-"-*"

5
then L / fdye does not exist.
Jo

(a) State and prove Fubini’s theorem for f € L{X x Y, ¥ x Xy, g x v)(Tonelli’s theorem

may be assumed)

(b) Prove that if f:[0,1] x [0,1] — R is defined by
e i (@) # (0,0),
0, if (z,4) = (0,0).

then the iterated integrals are not equal. Is [ integrable?

(¢) By considering / / e sin xdide
0 Jo

- “sinx 7T
prove that lim —dy = -
0

i’
a—nc T 2
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