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PART II
MT 404 - PARTTIAL DIFFERENTIAL EQUATIONS

Answer all questions Time allowed: 3 Hours

Q1. (i) State the connection between the solutions of the first- order quasi-
linear partial differential equation

Pla,y,w) 7 + Q) % — R(z,y,u) (1)

and the solutions of the system

do | dy du

EOTH TR

Define the characteristic curves of the partial differential equation
(1).
[20 Marks|

(ii) Find the solution u = w(z,y) of the partial differential equation

du ou
il — W)= + ylu— 2)=— = u(z —1
(y—wp- +v e )
which passes through the curve
T =19y ="U

[80 Marks|
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The deilsity p(z,t) satisfies the partial differential equation

8p - Bp
TR -f‘ el = O\
5t P Bz '
subject to the initial condition
1 sl
plelli= flel = ey igie nie 1
' 0 z>1

Formulate the problem as a Cauchy initial value problem. Sketch
the projections of the characteristic curves on the (z,t) plane.
Determine the point in the (z,t) plane at which the characteristic
projections first intersect. e [50 Marks]|
Explain briefly how to calculate the breaking time of a wave by
formulating the problem as a Cauchy initial value problem.

[10 Marks]
Consider a model of damped nonlinear waves described by the

PDE p 5
)
— +p2t
at oz
where a > (0 is a constant, subject to the initial condition at ¢ = 0;

= —ap

p(,0) = f(z), —cc<a<o0.

Show that

p:_e—atf (:}:—l(em e 1) p>

&

and discuss the possible breaking of the wave. [40 Marks]

Q3. Explain the significance of the Monge cone at a point on an integral
surface of the first order nonlinear partial differential equation

Pz, y,u,p,9)=0

where

i) Ju du
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Q4.
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and find the equation of the Monge cone at the point (o, yor
integral surface of the partial differential equation

Ou Ou
——t—— =
dzr Oy

(25 Marks|

Find the two solutions of the partial differential equation

du\ 2 duN 2 _
() (B - o
ax oy
which satisfy the initial conditions

U=kt —lr on gy =20.

Comment briefly on the non-uniqueness of the solution to this problem.
Show also that for general initial conditions in parametric form

z=1xo(r), ¥y=1l1), u= wo(T),

a necessary condition for a real solution of (2) to exist is

dug > < : (Ef:’i‘-’o ‘< dyn 2}
) < uglT — - | —— :
( dr ) < (7] [ dr ) | ( dr )

dx c
You may assume that either =L =+ 0 or 20 = {1, [75 Marks|
& dr g : !

State the condition for the second order partial differential equation

. 0% . J%u 9%u du du
f"(;:' — ,.C;.'T.' e f Wl = F Lyl _— =
2z, y) 7 (z,y) =~ Oy i v) 52 (r.y U 5o ()J

to be hyperbolic. (10 Marks]

Show that, if x # 0 and y # 0, the par tial differential equation

9% 0%u , 0% du du
g2 = + By —— + 2 8 — +5y— =0
o (31 - & dxdy v dj“‘ o oz i Ay




Q5.

is hyperbolic and that characteristic coordinates are

2 ¥ 2

i Y
SEhmercilimies
Y x

Show that the canonical form is
g%y 1 8u
- T
dEdn | n o€

Obtain the general solution for u(z,y). . [55 Marks]

Hence obtain the particular solution u(x, i) which satisfies the bound-

ary conditions :
g A

u(ly) =9y, —(Ly)=1.
LYl =1 gel Y)

[35 Marks]
Define the adjoint operator L* of the operator

Lu] = uyy + alz, y)u, + b(z, v)u, + clz, y)u.

[10 Marks]

By looking for a solution of the adjoint equation
vl =0

of the form

vl )h= (¢ + y} Wz -+ y),

show that the Riemann function of the operator

/
T i et it
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! i i
[50 Marks]
Hence solve the partial differential equation
1 1 1
u'.]:],r e 7 Uy - "{e'.-,), e
i T+ Loy T+



subject to the initial conditions

= = L 25,

on the straight line y = x. [40 Marks]
Useful formulae:

T

Uy =l Cl-{;f.-’, ;E)'I)"I'f-;c i b(ﬂ?, iU)U--y +'C(LC7 U)U = f(‘L: y)

R(zy,yuouy) = 1, :
¥
R(zy,y521,11) = exp (/ {_'L(:K‘l,{j'Jdo') :

U1

Rz, 0200 ) - = EXp (/ b(myl)dg),

1
u(z, 1) = 5[1‘%(:4; z1, 1) w(A) + R(B; z1, 1 )u(B))]
—// Rz, y; 21, 1n) [, y)dzdy
D

' i 1 = 1
=+ / (a.-uﬂ - GHUTJ = B'u.fi;,j) dy — (b’a.r.._R - ghf-':,z.w =l Rl.) dz.



Q6. Define the followiﬁg terms:

{(a) Dirac delta functiomn,

(b) Heaviside step function.

- [10 Marks)]
You are given that the solution of the problem
Ut —Upy = p(m: t)
W) =l

bl
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Show that the solution of the problem

wi—=ngs. = -0 —oor<on. 0571 < 00,
0T

— LX< 0o,
18
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140 Marks]
A certain financial option V (s, ) satisfies the partial differential equa-
tion

V= 8+ 8V, =V, "0<s<00, 05t <o

and the initial condition

0y 0< sl
Vlsu0r)= j
1 e el
where [ > 0 i3 a positive constant,
Make the change of variables




in the partial differential equation for V. Obtain the second-order
ordinary differential equation which f () must satisfy for the coeflicient
of V, to vanish. Obtain the general solution for f(s) and verify that

f(s)=Ins

is a particular solution. With this particular solution show that V/ (z,1)
satisfies the partial differential equation

VY =Vou
Make the transformation
V(z,t) = glt)W(z,t)
in the partial differential equation for V. Obtain the first-order ordinary
differential equation which g(t) must satisfy for the coeffient of W to

vanish. Obtain the general solution for g{t) and verify that

L

gt) =e"

is a particular solution. With this particular solution write down the
partial differential equation satisfied by Wiz, t). If

Vi, t) = Wiz, t)

where

Fi=1n.s;

show that W (x,t) satisfies the problem

W e = 0, —Boew et 0l te,
W(z,0t) = H@-InE), —oo<z<oo

where I is the Heaviside step function. Deduce that

i 00 Mnla/ \I\II‘,E /
Vis,l) = . = / exp ﬂil* it
: W/t JE 4t o)
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