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Answer all questions Time allowed: 3 Hours

]

Q1. State the connection between the solutions of the first order quasi-linear
partial differential equation

du ou :
Pz, y,u) E)% + Q(z,y,u) gj = R(z,y,u) (1)
and the solutions of the system
o . _d_y A
P g B

Define the characteristic curves of the partial differential equation (1).
[20 Marks|

(i) Find the solution u = u(z,y) of the partial differential equation

oL Ju
(:ﬁ—y)%ﬂywmvu)% =

which passes through the circle

[40 Marks]



ii) Damped nonlinear waves are desceibed by the partial different

equation 5
3O
ot i dr o
where p = p(z,t) and @ > 0 and n > 0 are positive constall
Initially
oz, 0) = f(z), —p8<z<0o

Formulate the problem as a Cauchy initial value problem and sh
that the wavelet emanating from the point T =7 at t = 0 breg

al time ;
S b e e
s (” f”*l(’r)f’(*r))

d T
df-(j (r)) < —na,

T

provided

L

(40 Mark

Q2. Explain the significance of the Monge cone at a point on an integ
surface of the first order nonlinear partial differential equation

F(z,y,u,p,q) =0

where
ou ou

= 'lL(.’I?,y), p e 5; = 5{;:

and find the equation of the Monge cone at the point (o, Yo, Uo) Ofl
integral surface of the partial differential equation

ou Ou
dr By *
(25 Marl
Obtain the solution of the equation '
@f ou ;
or &y '

for u(z,y) subject to the initial condition

u(z,0) = °.

2



Q3.

Show also that for general initial data in parametric form

z=xo(7), y=uo(r), u=up(r)

a necessary condition for a real solution of (2) to exist is

d'u.g - d.’Z:g d’lj()
el S ST R ()
(d'r) =0 ar

[75 Marks]

State the condition for the second order partial differential equation

2, g 2, . |
R(2,9) s + 5(2,9) o + T(e,1) e = F (s:yu - "i‘)

0x? 0x0y oy? Y
to be parabolic. [10 Marks|
Reduce the partial differential equation
82 ; 2 . a2 2 Ju 2 o
P T R W N

xT
Ox? 4 0x0y gt . e W oy
to canonical form in the domain z > 0, y > 0. [65 Marks|
Obtain the solution u(z,y) which satisfies the boundary conditions

au

— =2z on the line y = 1.
dy

=0,

135 Marks]

. Define the adjoint operator L* of the operator

Llu] = ugy + a(z, y)us + b(z, y)uy + c(z, y)u.
[10 Marks|

By looking for a solution of the adjoint equation
Elo] =0

of the form >
vaw) = ZW(z,)



" 3
';j//

show that the Riemann function of the operator

Bloi] =nig— lum_+ %uy - ;;u
is T
R(z,y;T1,%) = §$—1
[50 Marks
Hence solve the partial differential equation
it 1
P Ugy — —'u¢.+~$uy~ ;Jgﬂ: =

in the domain z > 0 and y > 0, subject to the initial conditions
u=2zsing, U, =snz,

on the straight line y = . [40 Marks)
Useful formulae:

Ugy + a(z, y)ue + b(z, Yy + c(z, y)u = fz,y).

R(_xl: yla £, yl) = 1:

v \
R(:El:y-; Ty, yl) = €&xXp (f ﬂa(i[-']_, O’_)da) ;
v

ak
R($1313$1>y1) = exp( 'b(cf,yl)dd).
o



i / / R($~y:-ﬁlyl) f(ny)dxdy
; D

1 1 1 1
+ / (auR + = Ruy — —uR,,> dy — (buR + = Ru, — —uRm) dz.
. 2 2 g 2

Q5. Show, by using an appropriate Riemann function, that the solution of

the Cauchy problem for the telegraph equation

| (o -+ B) afu
Ugy — 'C—Q Uig — (’2 = T G:

u(z,0) =0, w(z,0)=g(z),
18

o) = pow|-3a+ ] [ [5tla- 020 o o] s

5 il
c o 2¢

where Iy(y) is the modified Bessel function of the first kind of order
zero, defined by

o= =3 e ()

e (rl)?

and Jy is the ordinary Bessel function of the first kind of order zero.

[100 Marks]
Useful formulae:

The Riemann function for the operator
Llu] = ugy + cu, c¢ = constant,

is
R(z,y;21,11) = Jo[2{c(z — 21)(y — 11)}?]

where Jp is the ordinary Bessel function of the first kind of order zero.



(i

Uzy + a2, Y)uz + b(, Y)uy + c(z, y)u = f(z, y).‘

R($1ey:t}371:?}1) 5 1:
y
R(zy,y;21,1n) = exp (f a(ml,cr)(i(:f) ;

m

R(z,y1;%1,51) = €xp (f b(t)’,yl)dcr).

1

u(z1,91) = [ R(A; 21, y1) u(A) + R(B; 21, y1)u(B)]
]/ R(z,y;z1,y1) f(2, y)dady

[ S
+4- fc3 (auR -+ §Ruy = ‘Q“H-Ry) dy — (buR + ~2-R'u.¢ - ;jufiw) dz.

Q6. Define the following terms:
(a) Dirac delta function,
(b) Heaviside step function.

[10 Marks|



By investigating under what scalings the problem

Uy — Uge = O(2)8(t), —o0<xT<00, t20,
w(z,07) = 0, —o0<z<00,

is invariant, show that its solution is of the form

1 z?
w(a,t) = \_/_; I (—%—) :
; [40 Marks)

You may use without proof any result for the Dirac delta function. -
Denote the solution of the problem '

Up— Uy = O(z—E)6(t—T), —o0<T<L<00, t2T,
wzr,7°) = 0, —oo<z<x,

by
u=Flzg—§&bt—T1)

Show that the solution of the problem

s —yy = BPlayt), —eo<z<x oo, 20
wiz07) =0, —po<z <09

18

U(;C,f) =./£ / ”p((EJT) F(j:"—gat_T)d”—d“f'

Jr=0

[50 Marksj]



