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Answer four quesLions r-'nlY Time allowed: 3 Hours

Q1, State the connection between the soluliiorrs <l1the nrst order quasi-linea!

pa.rtial difi erential equation

ou ' '.u,u o^u 
- R\x'r'u) \-Pt.'. t. rt U-.Q t ,tu

and the solutions of the sYstem

dz dY du

F_ Q- R'

Define the characteristic curves of the partial diflerential equation (1)'

120 Marksl

(i) Find the solution z = u(e,9) of tlic partial difcrential equation

3u du

'-o'u;"' '-'or-u
whicb passes through the citcle

u= 1, x2 + !)2 :7.

140 Marksl



ii) The density p(r,t) saiisfies'the paxtial difiereotia'l equation

fi*,ffi=o'
subjecr to lhe init'al condr ion

f t r: o

p(r.0;: /rrr -{l r 0<r<1
[o r .1

Formulate the prJblem as a Cauchy initial value problem Skelch

.fr" rr.i", :"". ol rhp characrpri-rit cu-ve' on tn" rr'f) plane

1"1"'.*io.,i'" polnt in rbe {r' r) plare al which the characlerisLic

q2

pro jection8 fi rsi intersect

Show that

E)<plain briefly how to ca,lculaie the breaking time of a wave by formu-

lating ihe proilem as a Cauchy initial value problem'

[10 Marks]

Consider a model o{ damped nonlinear waves described by the PDE

do 6p

* -Pd, - -oP

where o > 0 is a constant, subject to the initial conditioos at t:0:

p(c,0) :l(e), -oo<'<co

,:"-"JL,-la-- rtr)

l4O Marksl

[90 Marks]
and discuss the possible breaking of the wave



Q3. Explain the significance ol the Monge cone at a point on an id,egral
strface of the lirst order nonlinear partial diferential equation

F(x,Y'u,P,r1):0

where

u: u(x,y), ,: o#, ,: u;,

and find the equation of the Monge cone at thc point (c6, gs, u6) ol an
jntegra] surface of the paltial diferential equation

' au au
A' o'r: "

125 Marksl

Obtain the soiution of the equation

a"4:,u. (2)
ai aa

for u(2,3y) subject to the initial condition

u(x'}) : a2'

Show als<-r that for general iniiial data in parametric form

r: ro("), A = Uo|r), u = uo(r)

a necessary condition for a real solution of (2) to exist is

ldun\' - , drsdsn

\a; ) '"'o d' d"

175 Marksl

Q4. State the condition for the second order partial difierential equation

dtu - . oJ - 02u -t 0u 0u1
Rrr.s1"AF-S{".st aio-rl,.o,- - , \,.r'' r" Uo)

to be parabolic. ,10 Marks]



to canonica,l form iu the domain c > 0, ? > 0' [55 Marks]

Obtain the solution u(c, y) which satisfies the boundary conditions

u = o. o^! 
= 2r2 on rhe line gr = 1'

ata

' 135 Marksl

Q5. Define the adjoim opera.or l' ol Lhe operalot

Llu) : u., + a(x, g)ut + b(s, a)ue + c(r' u)u'

110 Marksl

By ]ooking for a solution of the adjoint equation

i-[u] : o

Reduce the part'al dirlerenrial equation

^d2,r 02u ,0r, c, Au * 0u
s' ar, -'2ru axas+r- W=; a, i ds

u(r,fi =!Ytr,o1

show that the Rienann function of the operator

111
L''tl - u"v- 

Aur 
r-LtL- -u

. !rU1
R(x,y; ry, Y11 : 

-gLl

[50 l\ilarks]

Hence solve the partial differentis'l equation

11Ia
'-t,u- u,+-^uu -"t='" u I tg x

in the d.omain ,' > 0 and 3t > 0, subject to the ioitiai conditions

u: x, sittr, us = sitr,

4

of the form



l4O Markslthe straieht iine I : 2
formr.rlae:

u.! + a(e, a)u, + b(r, v)u, + c(x, Y)u : J @' g\'

R(ay, y; x1 , 91)

R(s \ y; s\ | UL)

R(r , 111i a1, y)

: 
"*o 

( [''n(r,,dao\ ,

: 
"*o(1,',or",r,to,).

)"(s)l

f,a".-f;"n,)a".



Q6. Define the following terms:

(a) Dirac delta fulociion,

(b) Heaviside step function

[10 Marks]

By investigatiog under what scalings the problem

ILt-Mn : d(c)d(t), *oo<'<co) 
'>0'u(r,0-) :0, --cc<0<co'

i! in'ariant, show that iis solution is of the for

,r rr: jt(#)
[40 Marks]

You may use without proof any result lbl the Dirac delta function

Denote the.solution of the problem

ut-u.r : d(c-{)d(l-r)' *oo-< c < cc' t>7'
u(c,r-) = 0, *co<c<oc'

bv" u=.F(x-(.t-r).
Show that the solution of the problem

ut-um : P(o,l), -co<!<co, t>0,
u(r,0-) = 0, -eo<z<co'

riF ft
ur.r.tt - Jr- - J,..r_ 

0,t. t t Frr - € r - r'dr d(

l5o Marksl


