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Answer ALL Questions

L. (a) Suppose [ = (fi, ..., fn): D — R™ and that a1s 2 limit of D and b= (b, ..., b,} € R". Prove that
Jim f(x) = b if and only if im fi(x) =b,1=1, ..., m.
T—ra2 X—Fii

(b) Let f: AcR" — R™ and let x; be in A or a boundary point of A. Show that lim f{x) =bif and only

Xy
if, for every number £ > 0, there is a § > 0 such that, for x€ A satisfying 0 < H X—X " <9y,
we have || fix)-b ” < g,

(¢) Let UcR"and VcR™ be open. Let g UCR" — R and . V. C R™ — RP be given functions such
that g maps U into V so that . g is defined. Suppose g is differentiable at x, and f at yo = g(x0).
Then prove that f» g is differentiable at x; and that D(f» g}(x¢) = Bf(yn) Del(xy).

XY .
el e — (x,1) = (0,0)
(d) Let {{(x,v) = \j)sl + J_.f ;
| 0 (x.3) = (0,0)
Is f differentiable at (0,0)? Prove your assertion. [20 + 20 +30+30=100]

1L (a) If f: R" — R™ is differentiable at xq, .[,'JI‘O\'{:' that the directional derivative D f{(xq) exists for
allre R"and D,f(x¢) =d f, (h).

(h) Prove that if { is continuously differentiable at xo, then f is differentiable at x;.

(c) Let I P — R be defined by f{x,x2) = (X, X1, X1X0, o = ) Let a=(1,2). Determine the tangent
plane to the image S of f at the point f(a).

(d) Let f be a real-valued function, defined on the open set U in R". If the first and second partial
derivatives of fexist and are continuous in U, prove that D D_I =D.Dfon U

[15+ 25 +40 + 20=100]

IIL. (a) Let f: U R" — R have continuous partial derivatives of third order. Show that

- 5 Bl = a8 F .
fisg + ) = 1{xe) £ h——(x,) +% b= (e ) 7 Rath,xq) where
r 3 Z_l: T 2:] ox,; 0%,

i

Ra(h,xe) ¢ u I " S 0ash—0.

(b) The graph of the function g(x,y) = l/xy is a surface S in . find the points of S that are closest
to the origin (0,0.0).

(¢) Find the rectangle box with volume 1000 having the least total surface area.  [25+ 35+ 40 = 100]



» R™ be a ' mapping where U is a neighborhood of the line segment L with end

IV. (@) Let f: U R eaC mappi
points a and b. Prove that [f(b) — f{a)lo = |b —alg m'ix”)‘ (1)”
xed
(b) Suppose that the mapping f: R* — R"is C ' in a neighborhood W of the point a, with the matrix
{’(a) being nonsinuular Prove that I is loml ly invertible — i.e., there exist neighborhoods Uc W
ofaand V of b = f(a), and a one-to-one C mappum vV — W such that g(f{(x)) =x for xe U
and flg(v)) = vy Io: ve V;and, in particular, prove that the local inverse g is the limit of the
sequence {q }: of successive approximations, defined indnc.li\ﬂe])-' by
Bo(y) = &, eni(y) = &) — F@) '[flay) —y] forye V. ;
mapping f: R — R;, be defined by the equations
[25+35+40=100]

(¢) Let the C !
x=u+t(v+2y7+1
= (=] v+ L
= (1,-2). Is finy Lmb]e near a? If so, find a local inverse of f.

Leta=
a) State the (Jcnu al Imp]i(,il \’htppmﬂ [heorem

3 =0 forvandz as JmeUonS of x in a neighborhood of (-1,1,0).

the function

Solve
x = y —_1_\_ S R
(b) Prove that every admissible function is integrable
R" — R be anintegrable function such that, for each xe R™, t
fe: R" — R, defined by fi(y) = f(x,y), is mtu‘r: able. Given the contented sets ACR"and BCR
Then prove that F is integrable, and

f(x v)dy.

{(.') Let f: g™ = l«\m
# H

let Fx R™ — R be defined by F(x) = j/

/‘JF J-jfx Wdv)d
+2 1’. i<1

: with the uniform density of unity
il
path, prove that

[30 + 20 + 30 + 20 = 100]

a8
b*

. .-I:
(d) Find the mass of the ellipsoidal ball — +—+
a’

function on'the open set U R" and y:[a,b] — Ulisac

(a) If fis a real-valued C

[ldf = ftvoy) — eyt

differential k-form on an open subset of R", prove that d(de) = 0.
orm, show = p*(da).

\!
mapping and o is a C * differential k-form, show that d(g*v)

¥

(bylfaisac
(e} Ifg: R" — R"isa C ' mappi
(dy Let Q=[0,1] = [0, I]CR and suppose ¢: Q — R’ is defined by the equations
X=utw
.\.' =Uu—v., ¥
Z =y,
lien compute the surface integral J‘\({v Adz+ pdv ndz = Ja in two different methods you
L P
(20 + 20 + 30 +30 = 100]

are aware of



