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fine the term subspace of a vector space.

(&) Let V.= {f/ f : R > R, f(z) > 0,Y z € R}. For any f,g € V and for any

@ € R define an addition ¢ and a scalar multiplication ® as follows:

(f @ g)(z) = f(z).9(z),Vz € R
and
(@ © f)(z) = (f(=))*.
.' Prove that (V, @, ®) is a vector space over the set of real numbers R.

i. Let V be a vector space over a field F. Prove that a non-empty subset W
~ of V is a subspace of V if and only if az + By € W, for any z,y € W and

. k1]
i Let B, = {Z a;z* : a; € R} be the set of all polynomials of

o =0 ;
degree < n vtvith real coefficients. Prove that P, is a subspace of the vector

T
space V' = {Z aT oy € R,n € N}, the set of all polynomials with
=0

real coefficients.



Is it true that the set of polynomials exactly of degree n is a subspace of

V7 Justify your answer.

9. Define what is meant by dimension of a vector space.

(a) Let V be an n-dimensional vector space.

(b)

3. (a) Let D: Py(¢) = Pa (), the derivative operator, be defined by

Show that

1

il.

iii.

il.

where p(t) = ap + a1t + agt® + -+ -+ aal" and P,(t) is the set of all polynomis
of degree less than or equal to n. Show that D is a linear transformation.
Find the matrix representation of D with respect to the bases {1,t,t%,- -+, 1

and {1,1+¢,t+12% - . 772 4 1771} of Py(t) and P,_1(t) respectively.

a linearly independent set of vectors of V with n elements is a basis for V1
any linearly independent set of vectors of V may be extended to a basisé
for V; |
if {e1, e, en} is a basis for VthenV = ({e1,€2," - ,er N {erit, ert2s :F
Vre{l,2- -,n—1}

Letw = (1,-1,0,3), z = (2,1,1,*1), y=(4,-1,1,3), z= (1,—4,-1,8
be vectors in R and let S = ({w, ,y, 2}). Find a basis and the dimensiol
of S. Is the set {w,z,y, z} linearly independent?

Extend the basis of S that you obtained to a basis for R4,
Find also a basis of SNT, where T' {(z1, Z2, 23, T4) 1 T1+ T2+ T3+ Ta = o
is a subspace of R*. |
Let {z1, g, -, T} be any vectors in a vector space. Let A = ({z1, 22, "| ‘
and B = {Z1529 . Tn, Ln41}). Prove that dim B = dim A + €, wherel
is 0 if Zny1 € A and 1 if Tp41 ¢ A.

D(p(t)) = a1 + 2agt + -+ + T e



(b) If the matrix representation of a linear transformation

T : Py(t) — Py(t) with respect to the bases L=t — 2,42 — ¢8 3} and
{L14+¢6t+¢%6 488} i
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then determine 7'

- (s) Let T': R® — R3 be a linear transformation defined by

T(@y2)=(e+2, z+y+2 2)
andlet By = {(1,1,1), (1,2, 3), (2,-1,1)} and B, = {(1,1,0), (0,1,1),(1,0,1)}

be bases for R3, Find the matrix representation of T" with respect to the basis

B, by using the transition matrix,
what is meant by rank of a matrix.
et A be an m x n matrix., Prove the following:

(i) row rank of A is equal to column rank of A;

if Bis a matrix obtained by performing an elementary row operation on
A, then A and B have the same rank.

the rank of the matrix

the row reduced echelon form of

R o A |
3 3 0 2
2:1 3 3 =13
2111 -2 4



5. (a) Define the following terms as applied to an n x n matrix A = (ayy).

(i) cofactor A;; of an element Qij;
(ii) adjoint of A.

Prove with the usual notatic;ns that
A-(adjA) = (adjA) - A = detA - I,

where [ is the n x n identity matrix.
(b) Prove that if B is a matrix obtained from a square matrix A by

(1) multiplying a row of 4 by a scalar a(# 0) then detB = « detA.

(ii) interchanging two rows of A, then detB = — detA.
(c¢) Let A be an n-square matrix with all elements equal to a. Prove that

i. det(A+ M) = X" (na + \);
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6. (a) State the necessary and sufficient condition for a system of linear equations f
be consistent.

Reduce the augmented matrix of the following system of linear equations

21121 +apzy = b

T + ATy = b

to its row reduced echelon form and hence determine the conditions on non-zero
scalars ay1, @y, as1, agg, by and by such that the system has

(i) a unique solution;

(ii) no solution;

(iii) more than one solution.



x,'lBRARp-

R *
Show that the system of equations

1 —3z2t+z3t+cry = b
T —2x0+(c—ljzg—x4 = 2

2z —bza +(2—c)zs+(c— 1)y = 3b+4

sistent, for all values of b if ¢ # 1. Find the value of b for which the system

3z1+x2+23 = 3

|
ot

321 + 225 + 224

21ﬁ1.— 3:132 e 2333 = L



