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1. (a) Define what is meant by a complex-valued function f, defined on a domain D(C C),

has a limit at 2o € D.

i. Prove that if a complex-valued function f has a limit at 2 € D, then it is

unique.

ii. Show that
224+ 6—1z
lim —m—— =
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(b) i Letf:SC C— Candletz be an interior point of S. Define what is meant

by f being continuous at z; and on S.

Show that the function
flz) =2
is continuous at z = 2p.
ii. Show that

\exp(22)| < exp (]z|2) '



20 '(a) i, Let f: A— C and A C C be an open cet . Define what is meant by f being
analytic at z € A. '

ii. Show that if z = & + iy and a function f(z) = U(z,y) +iV(z,y) 1s analytic at

20 = Tg + 1Yo, then the equations
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are satisfied at every point of some neighborhood of 2.

iii. Show that the function
23yl v — 5
f(z) £ $2+y2 $2+y2’
0, for z2+42=0.

for 2442 #0;

does not have derivative at z = 0.

(b) i Show that the function U(z,y) = e *(zsiny —ycos y) is harmonic.

i Find a function V(z,y) such that f(z) = U(z,y) + iV (z,y) is analytic.

3. (a) Let f be analytic everywhere within and on a simple closed contour C, taken in the
positive sense. If 2o is any point inside C' then the nth derivative of f at z = 2o 18
given by

(n) = _nT_ f(z) —
™ (20) = Qmjc-—-——-——-(z = zﬂ)nﬂdz, where n=0,1,2,3,.....

Prove the above result for n = 0.

Hence prove that if f(z) is analytic inside and on a circle C of radius r and center

at z = a,
I
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n=0,1,2,8,04
where M is a constant such that |f(2)| < M.

(b) Using the above result prove the Liouville’s theorem for bounded functions.

(¢) Show that

d
j Z_ —9ri if Cis the circle, C:lz| = 2.
OZ"rl



4. (a) i Define what is meant by a path « : le, B] — C.

ii. For a path v and a continuous function f : v — C, define /f(z)dz

(b) Prove that if w(t) is a continuous complex - valued function of ¢ such that a < ¢t < b

then
/a i)t < / e

(¢) State and prove the Taylor’s theorem.

1

Show that
2n+1

sinz = Z( )t Gn+ 1)1’ |z] < o0.

n=0

5. (a) Let 6 > 0 and let f : D*(2;6) — C, where D*(20;6) = {z : 0 < |z — 2| < 6}.

Define what is meant by

1. f having a singularity at z;

ii. the order of f at z;

iii. f having a pole or zero at 2y of order m;
iv. f having a simple pole or simple zero at 2p-

(b) Prove that ord(f, z) = m if and only if
f(2) = (z = 2)™g(2), Yz € D*(2;6),

for some § > 0, where g is analytic in D*(20;6) == {2z : |z — 20| < 8} and g(z) + 0.

(¢) Prove that if f has a simple pole at 2y, then

Res(f; z) = zll_nz‘ij(z — 20)f(#0),

where Res(f; 2p) denotes the residue of f(z) at z = 2.



6.

(2) Let f be analyticin {z : I'm(z) > 0}, except possibly for finitely many singularities,

none of them on the real axis. Suppose there exist M, R > 0 and a > 1 such that

|f(z)|s|§f;-? | >R with Im(z)3>0.

(= o]
Prove that I = f f(z)dz converges (exists) and
—0a

I = 27i x Sum of Residues in the upper half plane.

(b) A function ¢(2) is zero when z = 0, and is real when z is real, and is analytic when

2| < 1. If f(z,y) is the imaginary part of ¢(z + 1y), then prove that

2 zsin 6
/ T0e iy fo(cos f,sin0)df = w¢(z) holdes when — 1 < z < 1.
o



