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Tirne: Three hoursAnswer all questions

1. (a)

(b)

Define what is meant by a complex-valued function f, defined on a domain D(e Cl

has o limit at zo € ,.

i. Prove that if a complex-valued function J has a limit at z0 € D' then it is

unique,

ii. Show that

t- " 
-1- 6 

-,iu =5i,-3i z - 3i

i. Let /: S G C + C and let z0 be an interior point of S De6le what is neant

by / being contimous at zo and on S.

Show that the function

l(z) - z'

is continuous at 2 = zo.

ii. Show that

Jexp(z') l 3 exP (lzl')



ii.

3 (o)

^-"]-ri. qt 2" e A.

C be arl oped set . Define rvhat is meani by / being

- U(o, + iv@,a) is analytic at
Shgw ihat if z : c * rlg and a function f(z)

zo: ro + ilio, then the cquation8

au av ' au al'_ :_'-
0t 0a dv dx

are satisficd at every point of some neighborltood of zo'

iii. Show that the function

( f 1u3 Ya t3

i\') ' l;t*!r" "' "''
[0,

does noi have derivative at z - 0

for

for

02 +y2 +ol

12+92=9.

(b) i. show that the function U(z'!) : e '(csirg - 3r cos 3r) is harmonic

ii. Find a function V(r'g) srLch tbab f (")=U(a' +aV(a'!) is analytic

L€t J be atralytic everywhere within and on a simple closed cooiour C' taken in the

positive sense. If z6 is any poiot ilside C then the rzth de vative ol f u1 2 : 7n is

give[ by

rr"t,,^r. il [ - l]"\-.a,, where n:0I2 3

2'.i Jc 12 - zn)"*'

Prove the above result for n : 0'

Herce prove that if /(z) is amlytic ioside and on a circle C of radius r arid center

lj"(,)l < # n:0,r,2'3,..,

whele M G a consta;nt such that ll(z)l < M

(b) Using the above result prove the Liouville's iheotem for bourded functions'

{c) Show that' I iL = zni if c is rhe circle C : lzl - 2'

.lcz+1



i a. (u)

(b)

i. Define what is meant by a path./: [o, g] 
- 

C.

ii. For a palh ) and a continuou,s funciion / :1 
- 

C, aenne I fk:az.
Prove thar if t,(r) is s, continuous complex - valued function of t s1lc.h that o S , < b,

then
tb rh

l"utL)dt < .l^ . 
*1t11at.

Sta,te and prove the Taylor's theorem.

Show that

6inz: t(-1)" 57nt l'l <-'

- C, where D-(zs;6) :: {z t O < lz - znl < 6}.Let d > 0 and let J : D"(a;6)
Defirc what is meant by

i. f havil1g a, singularity at zo;

ii. the order of / at z6;

iii. f having a pole or zero at zs of order m;

v. f ha.viag a simple pole or simple zero at 26.

that ord(f, zo) = rn if and only if

f (z) = (z * a)^s(z), Vz e D. (zs;6),

some d > 0, where 9 is ana\,tic in D*(26; d') := {z : lz _ al < d} and g(za) I 0.

that if / has a gimple pole at &, then

F"ex.(J;a): \m (z - a)J@),

R!s(,f; z0) denoteB the residue of /(z) at z : 26.



6, (a) Let / be analyticin {z : Im(z) > 0}, except possibly Jor ffnitely many singula.ritie€,

none of them on the real axis. Suppose ihele exist M, g > 0 and o > 1 such that

,r,.r, . Ll.r(z)l s l+. lzl > 'R with lrn(z) 10.

nrove ttrat I : ;l- ,f(r)dt converges (exists) and

I = 2r.i x Sum of Residues in the upper half plane.

(b) A function /(z) is zero when z = 0, atrd is real when z iB !ea,l, and is ana,l],tic when

lzl 31. lf f(x,y) is rhe imaginary part ot g(a + iy), then prove that

l Bit0
T=r;Ge +V f @os 0 

'sin9)d,0 
: r$(x) holdes wher -1<6<1.J^

l

l

I


