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1. (a) Explain what is meant by

i. a vector space,

- asubspace of a vector space. [20 marks]

(b) Let V be a vector fpace over a fleld F and W be a non-empty subset of

V. Prove that W is a subs pace of V' if and only if az +- by € W for every

T,y € W and for every a,b ¢ I, [35 marks]

(¢) Let M, mxn De the set of all real m x n matrices. For any two matrices

A = [ilmyn and B = [, ilmxn i My, and for any A € R define an

addition @ and scalar multiplication ® as follows:

i}
[C‘ﬂ'tfjj'm.xn D [ﬁij}mxn = lra’ij I ﬁﬁj]mxn!

| \ A@ Jomlad s [/\Qt’j]mxn-

Prave that (M, @, ®) is a vector space over the field R.  [45 marks]




2.

(a) Define the following:
(i) a linearly independent set of vectors,
(ii) a hasis for a vector gpace,
(1ii) dimension of a vector space. i [15 marks]
(b} Let V' be an n—dimensicnal vector space. Prove the fol]owihg:
(i) A linearly independent set of vectors of V' with n elements is a basis
lor V;
(ii) Any linearly independent set of vectors of V' may be extended to a
basis for V.
[60 marks|
(c) i. Let ¥V be a vector space over the field R. Suppose that (z,y, z) is
linearly independent sequence of vectors in V. Let u =z —y,
==y — 2z, w= 2+ o, where ¢ is a scalar. Prove that the sequence
(., u,w) is linearly dependent if and only if @ = —1.
ii. In a vector space the sequence of vectors (zy,zg, ,:z:n) is given to
Fi)
be linearly independent and y = }:aw,; where o, g, +, qy are
scalars with oy s 0. Prove that t?nmel. sequence (y,Zo, T3, ", Zn) 18
also linearly independent.
[20 marks|
(d) Extend the subset {(1, ~2, 5, —-3), (0, 7, =9, 2)} to a basis for R*.
[15 marks]

(a) State and prove the dimension theorem for two subspaces of a finite di-
mensional vector space. [30 marks]
(b) Let {ug,us, ..., un} be a basis of a finite n--dimensional vector space V.

.. Prove that for each s in the range 1 to n — 1, inclusive,

Ve = {i{'(l,}, {575 PRRIC ,'253}> 35 <'["_53+1, Ugt2,7 " 7y 'UJn}>.



Il Show that if 8y and S, are two direct complements of S’";--i';l V, then ¢
"/\.."
7ty 551 pan

dimV — 2dim§ < dim(S, N S,) < dimV — dimS, ~ "

[45 marks]

e

o""“_':' L 4 L%
(¢) Lot ¥ be a finite dimensional vector space and W be afsubspace of V.4t _

Prove that the quotient space V/W is also finite dimensional and

Pt

dim(V/W) = dimV— dimW. % [25 marks]
_ ¢
4. (a) Define ey

- ) (1) Range space R(T),
4i1) INull space N(T)
e

of a linear transformation 7" from a vector space V into another vector

space W, [20 marks]
Find R(T), N(T) of the linear transformation T : R® — R3, defined
by

Plzyy,2) = (0 + 2+ 32,0 —y+ 2,2+ 5y + 52), Y (z,y,2) e R,

Verify the equation dim V" == dim(R(T)) + dim(N(T)) for this linear
transformation.
[30 marks]
(b) Let T': R® — R® be a linear transformation defined by
T(w,y,2) = Qx+y+ 82, 3z — y + 2, -4z + 3y + z), ¥ (@y2) e R
Let By == {(1,1,0), (0,1,1), (1,0,1)} and B, = {(1,1,1), (1,2,3),(2,~1,1)}
be bases for R3. Find |
\) the matrix representation of 7' with respect to the basis By;
(i} the matrix representation of T with respect to the basis B; by using
the transition matrix.

[50 marks]



o

~ (a) Define the following terms as applied to a matrix:

i. Rank,
ii. Echelon form,
iii. Row reduced echelon form.

[15 marks]
(b) Let A be an n x n matrix, Prove that

i. row rank of A is equal to column rank of A;
ii if B is an n x n matrix, obtained by performing an elementary row
operation on A, then r(4) = r(B).

[45 marks]

(¢) Find the rank of the matrix

1
13 -2 5 4
1. 4 1 3 &
L4 2 4 3

’\\

i —3 6 13

[20 marks]

(d) Find the row reduced echelon form of the matrix

18 ol
o 11 -5 3
9 Vi St il
4 1 15

[20 marks]
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(a) ftate the necessary and sufficient condition for a system of | HBL equa-
> @)&.
tions to be consistent. [10~ ¥k ri Lank?”

Reduce the augmented matrix of the following system of linear equations

ar+by = e
co+dy = f
to its row reduced echelon form and hence determine the conditions on
0.b,¢,d. e and f such that the system has
d) a unique solution;
(i) no solution;

(1ii) more than one solution,

[30 marks]

(b) The system of equations

dr+3y+z = 5

i
e
i
fI=g

3v 4+ 2y 42+ Tt

TrY =242 = k=]

1# known to be consistent. Find the value of k and general solution of the

svsten. (30 marks]

—

(¢) State Crammer’s rule for 3 x 4 matrix and use it to solvethe following

svstem of equations

1

2.’1}1 ::‘?5562 = 2.’.&'3 =T
L1+ 2xg —433 = 3
3y — dwy — 623 = 5.

(80 marks]

L= 4



