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1. Defire the term © eigenvalue” of a linear transformation, [10 marks]

(8) Prove that an nxn g square matrix 4 is similar to g diagonal matrix
D whose diagonal elera 'ts are the eigenvalues of A if and only if 4

has n linearly inde ‘pendent sigenvectors. [25 marks]

(b) Let A be a matrix of order n such that A2 = | Show that every

eigenvalues of 4 is either 1 of -1, [25 marks]
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Find a non- singular matrix P such that P14P s diagonal.

Hence find a matrix B such that B? — A. [40 marks]
2. (a) Define the terms “minimum polynomial” and “irreducible polyno-
mial” of a square matrix | [20 marks]
(b) State the Cayley-Hamilton theorem.,

By evaluating the characteristic polynomial of the matrix
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show that 4=! == —-1:(,4*—24 —61), where I is the identity matrix
of order 3. [20 marks]
{c) Prove the following:
i. The characteristic polynomial of an n X n matrix A always
divides the n'* power of its minimum polynomial.
ii. The characteristic polynomial and the minimum pelynomial

of an n x n matrix 4 have the same irreducible factors.

[40 marks]

(d) Let A and B be two arbitrary matrices in F,.,. Let M be the
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(2n) x (2r) matrix of the form . By premultiplying M
B'I
by a .
i ~A4
matrix , prove that det M = xa5(t), where
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deduce that AB and B.A have the same eigenvalues, where [ and

By postmultiplying M by a suitable matrix of the form

() denote the identity matrix and zero matrix of order n respec-
tively.
(20 marks|




d. Let Ay and Ay be two distinet roots of the equation I' A hﬁsB‘ In:a @f

where A and B are real symmetric matrices and let %1 and uy be two
vectors satisfying (4 — ), Bju; =0 for § = 1.2,
Prove that w, T By, = 0, [30 marks]

Simultaneously reduce the following pair of quadratic forms.
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P1 == 9" + 6mo” + 8232 + Aoy + 4z321 — day gy

¢’2 == Erxl'? A 5:17;52 = 12.’172.?5‘3 e 1233'3$1 i 82?1.’172.

[70 marks]

4 What is meant by an “inper product” on a vector space?

Verify that the function < ;- >, defined by
CUWY > =2y~ Ty — Toyh + 3$23!2_

I8 an inner product on R2. where u = (z1, 2,), v = (1, va).

[25 marks]

(a) If X is a finite dimensional inner product space and f is a linear
functional on X, prove that there exists a unique vector y € X

such that f(2) =< 2,y » Veex [25 marks)

{b) Let X be an inner product space and M be a finite dimensional
subspace of X, Prove that X = jif @ M-, where M- ig orthogonal

complement of M and & denotes the direct sum, . [25 marks]

(c) State Gram-Schraids process and use it to find the orthonormal
set for span of § in B4,
where § = {(1,0, 1,07, 052,107 (911 0},
[25 marks]
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