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FIRST EXAMINATION IN SCIENCE _ 2008/2009

SECOND SEMESTER fM. April,20.l I)
EXTMT 102 - ANALYSIS I (Real Analysis)

Answer all questions Time: Three hours

i. (a) i. Define the terms Supremun and Infimum of a non-empty
sublot of R.

ii. State the Completeness prcperiy of R.

Prove l,hat every non-pmpty boundei below subset ol llR has
an infimum.

(b) i. Prove that an upper bound tl of a non_empty bounded above
subset S of lR is the supremum of ,9 if and only if for every

5 > 0, there exists an c € ,9 such that x) > u _ e.

ii. Le( a subser_ .9^ otlR, k C N bc dclined by

S/, : {r : r € N, 1 S r < A}u{,t +r : r € N}.

Prove rhal Sr - N.

(c) Find lhe suprcmum and infimum o[ rhn ser
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if theY exist'

2.stateandplovelheArchi'medean.property.Hettceprovethefollowing:

(a) If , € R, then there exists a unique element p € Z such that

n-1,<E<P.

(b) There exists an irrational number o e R such that 12 = 2

(c) If o,g e Rwith o < y, then there exists a rational number p such

that, < p < I and hence :L < q<g for some irrational number

q.

3. (a) Deflne the t enrts rnonotone sequence and Caucky sequence'

(b) Ler a sequencc (r") bo defined inducr'ivplv by

rL = A,rn '=l{t"'rzr),vnex'
Show that

i.3<c'<7,Vn'eN;
ii. (r") is decreasing

Deduce that (r') converges and find its limit'

(c) Prove that a sequence of real numbers is Cauchy if and only if it

is convcrgenL / (- f)"\ .

, Sh{ that the sequence (c") given bv r' : (n + La) ls not

a CauchY sequence'

4. (a) LetA!R andl: A-+Rbeafunction Define what is meant

bY l(o) -+ I as e -+ 
'xo, 

ao € A'

Prove that \n(2'2 - r + r) -- 7

(b) Let J: R -+ R be a func{ion and lri} J(') = l(l 0)'



3ODECProve the following:

i. there exists d > 0 such thai
I

u-2- tJ(")t< +,
that0<lo-al <d;

1 1.^". .^ii. lim " - = , , ii /(r) / 0, V r r R.
r+o J lr./ t

5. (a) Explain in terms of r,d what is meant to say

I : R -+ lR is continuous at a point co e R.

Let I : lR + lR be defined by l(c) = 5i15,y " 6
' is continuous on lR.

thai a function

1R. Prove that I

(b) Let / : [G, b] -+ R be a continuous function on la,0]. Prove that it

is bounded on la, b].

Is the converse result true?Justify youl answer.

(c) Show that the function /: R + lR deflned by

. (, ii.r,cj,
./(r) = {

[ -r itrcQ'.
is Ilot continuous in R except at t]ie point o:0,
(Hint: Let o € ,4(q lR) and let / : ,4 -'l lR, then / is not cor-

tinuous at a if and only if there exist a sequence (r") in ,4 thai

convcr8cJ to o bur rhe sequencc t/{/,)) does nor.onver8^. to

l(,) )

6. (a) Suppose that / and g are continuous on [a,b] dilTerentiable on

(o,b) and 9'(c) I 0, for all c € (d,b). Prove that there exists

c € fu, b) such that

J(t) - f(o) _ f'(")
s'(c)'s(b) - s(o)

Deduce that

Ii* +] = ri' /!, ir .f @) - g(d)= 0 ror somn d c to.6J.r)d gv) rJd I (rl


